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The Vulnerability of  Pr ice S tabilization Schemes to Speculative Attack 

by 

Stephen W. Salant* 

stab ilize the pr ices of c ommod i t ie s  by purchases 

I .  Introduc t ion 

Previous attemp ts  to 

and sales f rom buf fer sto cks have end ed in failure . In the past buffer 

s tocks of go ld , silver, and t in were each at tacked by speculators ant ic i­

pating price increases .l/And yet similar s tabilization s chemes c ontinue 

to be proposed and, in some cases, adop ted . Internat ional agreements  have 

recently been negot iated to s tabilize the prices of t in, wheat, sugar, cof f e e, 

c oc oa , and natural rubb er by operat ing separate stockpiles of each commodity, 

and cons id erat ion is being g iven to similar agreements for twelve other c om­

mod iti es . Pr op onents of such scheme s e i ther ignore the historical recordl/ o r  

feel conf ident the mis takes o f  the pas t can be avo ided simp ly b y  creating lar ger 

buf f er stocks in the future . 

Such conf idence rests on shaky f oundations . Although the recent agr ee­

ments have been evaluated favorab ly, the methodology und erlying the analyses 

rend ers the ir f avorable conc lusions wor thles s .  The consequences of a par t icular 

c ommod ity agreement cannot be f orecasted without taking proper account of how 

it will aff ect the price expec tat ions of speculators and hence the ir behav io r  . 

And yet, previous analyses have ignored c omp letely the impac t of  such schemes 

on speculative demand . This is no small omission since it  has been speculator s 

who have thwar ted all previous at tempts at  price stabilizat ion . 

Th is paper develop s a methodo logy in which the c onsequences of buff er­

stock proposals can be s tud ied . The approach is to examine the compet i t iv e  

equilibrium under rat ional expectations when the gov ernment adhere s  t o  a 

specif ied rule . For analytic simplicity, it  is assumed tha t  the g overnment 

at temp ts to peg the pr ice. Th is policy is shown under p lausible assump tions 
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to induce speculative attacks . The methodology developed and the insights 

gained about speculative at tacks and one-sided bets apply equally to po licy 

r eg imes where ceiling and f loor prices d if f er. Ŏ/ 

In Section II , a pegging pol icy is introduced in the Ho te lling model 

of pure deple t ion under certainty. shown toThe re sul ting equilibrium is 

con tain a speculative a t tack -- a si tuation where previously inac tive specu­

lators suddenly purchase the remaining government s tock. The a t tack occurs 

when to tal stocks fall be low a predictab le threshold -- as they eventually 

mus t  because of the continual deple tion. An appendix adap ts the analysi s 

o f  the sec tion to the at  tack on gold , which occurred in 1968. In addi tion , 

i t  has been applied by Koromzay (1979)  and Krugman ( 19 7 9 )  to balance-of­

payments crise s.  

In Section III, the model is generali zed to inc lude the possibili ty 

of  random addit ions to the existing stock . These add it ions are int erprete ' 

as new harvests of an agr icultural good . It  has been shown by Townsend (1977) 
under related c ir cumstances that the government cannot successfuly peg the pr ice 

forever by operat ing a buffer stock , but he did no t go on to invest igat e the 

stochas t ic equilibr ium which results  when such a futile policy is attempt ed. 

Such an analysis is  conducted Section III , where a pegging pol icy is intro­

duced into the standard agricultural carry-over model of Samuel son [1973] 
and Kohn [1978]. As in S ec t ion I I ,  a speculat ive at t ack is shown to occur 

in equilibrium whenever total stock f alls below a pr ed ic tab le thresho ld .  But 

now the possibility exis ts  that random add itions will keep the tot al stock 

above the threshold. The probability of this event d epends on the type of 

policy pursued and its underlying parameters. I f  the policy is attempted 

p egging and the o f ficial price is  set so low that i t  induces more  consump t ion 

than the mean harves t  , then a speculat ive attack occurs with probab il ity one. 

A more revealing case is when the consumpt ion induced by the o f f  icial price 

just mat ches the expected harvest. Then , on average , no depletion of the 
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government s tock will oc cur and it  seems natural to think that the a ttack 

threshold will never be crossed at least if the ini tial government stock­

p ile is suff ic i ently large . This turns out to be true only if harvests  d o  

not f lucturate a t  all . O therwis e ,  an attack i s  v irtually inevitable. Ind eed  , 

such a ttacks almost surely recur inf initely of ten -- regardless of  the init i a l  

s i z e  of the government s tockpile . 

Section IV discusses the economic f unction of  speculat ive-attacks and 

useful ex tensions of the analysis . 

I I .  Pure Depletion Under Certainty 

In this section , we introduce a government pegging policy into the Ret e lling 

model of an exhaustible resource . S ince this model c on tains neither randomness 

nor addi tions to s tocks , it permits  a ttention t o  be f ocus ed without d is tract ion 

on the causes of speculative attacks . Once  they are understood , we will be able 

to discuss the occurrence of attacks in a model where random harve sts  periodi­

cally augment exi st ing s to cks . 

To begin s imply, suppo se the government attempt s  to peg the real price  of  a 

non-renewable resource (call it  "oil") by standing ready t o  purchase  whatever o i l  

is  of fered or to sell , if necessary, a l l  o f  its limited stock to maintain the 

off icial price Żelative to that of  some o ther storable good . It  i s  a s sumed that 

this o ther g ood is produced each period , and that the g overnment initia l ly has the 

capac ity to purchase with it  whatever oil is  of f ered at the of f icial price  . As sumE 

f or simplicity that both extraction and s t ockpiling are costles s ,  that both a c t iv i· 

ties are competi tive , and that non-speculat iv e  demand f or oil is  a s ta t ionary f unc· 

t ion of the c ontemporaneous relative price .  

If the off icial price is set below the price which would c ompletely choke off 

demand (the "choke price ")  , i t  will induce positiv e  demand . But since the reserve: 

of the government are f inite, they canno t  satisfy this demand f orever a t  the of  f i­

cial price -- even it  the government buf fer s t ock ini t ia l ly contains every drop of  

oil on the plane t  . 



purchas e  

The market incent ives which trigger an a ttack can b es t  be understood by con­

s idering ini tially the equilibrium price path which the government policy would 

speculators (by def inition , private agents who 

(by assumption) the government follows its  policy 

rule , it  would prevent the p rice from falling below the official level {P) by pur­

offered , and would allow the 

-4-

A. Equilibrium with Sepculators Excluded 

induce in the absence of 

for subsequent resale). Since 

chas ing at that price all the oil which extrac tors 

price tc rise above that level only if it ran out of re serves to sell. S ince (by 

as sumption) the 'extrac tors maximize discounted profits  , they would sell the ir s tock 

(I) at the highest discounted price (if the highes t d iscounted p rice occurred a t  

different times , there would b e  ind ifference a s  to  the allocat ion of  the s tock 

among such period s).  In equ ilibrium , the extrac tors must voluntarily s ell oil to 

the government at the first ins tant and , in the absence of speculators , d irectly 

to  consumers af ter the buf fer stock is  exhaus ted. Thus , in the ab sence of specu­

la tors , the equilibrium price pa th mu s t  consist of two discont inuous pieces and 

can be constructed from the curves in Figure I :  

[Figure I goes here] 

The f irst p iece of the path is horizontal at the official p rice. The second , 

higher piece rises a t  the rate of interest from a level whi ch has a p resent 
- cvalue equal to P until the choke price (P ) is  reached , and then is  hori zontal 

at the choke price. Given such a price·path , extrac tors would be willing to 

sell either at the first ins tant or between the time the price jumps up and . 
the t ime it  reaches the choke price. To construct the equilibrium path from 

Figure I , pick the date of the upward jump in price arbitrarily and c ompu te  

cumulative demand along each piece of the path. If c umulative demand exceeds 

(falls short of ) the initial s tock (I) ,  the horizontal p iece before the jump 

should be shortened (leng thened) and the rising p iece after the jump should 

be lengthened ( shortened) . Such a procedure reduce s  cumula t ive demand along the 
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new path since it replaces one (flat )  segment of the old path with a uniformly 

higher segment of tt.:! same length. In matching cu mulative demand to the 

initial stock, it will never be necessar y to eliminate the horizontal piece of 

the price path entirely, however, as long as the official price set by the 

government ex ceeds the free market price (a necessity if the government is to 

acqui re ·any reserves) . The maintenance of the official price for more than an 

instant insu res that in eq uilibrium the price will jump upward when the buffer 

stock is exhau sted. 

Other charac teristics of the equilibrium without specu lators deserve men­

tion. The magnitude of the reserves acq uired by the government in establish­

ing the official price is endo genous. Suppose, for example, that the equili­

briurn price path has an upward jump at t (see Figu re I) . Then, extractors 

initially sell part of theiĘ stocks ( I-S ) to the government and retain the 

rest (S) for sale (at prices with the same discou nted value)  to consumers 

after t, the time when the buffer stock run s out . The reserves initially 

acquired by the government are exac tly enough ( tD (  P)  ) to satisfy the cumula­

tive need s o f  consumer s  during the phase when ex trac tion is suspended . 

B. Equilibrium with Speculators Permi tted to Enter 

It has been soown that the equilibrium price path in the absence of specu­

lators alwa ys has an upward jump. We n<=M consider the eq uilibrit:m with spec u­

lators . I f  speculators are introduced, such a price path would give them an 

in centive to buy on the instant before the jump and to sell sometime after­

wards. Given any amount to be acquired, the optimal acquisition strategy at 

constant prices is to purchase at the last instant before the jump -- rather 

than morę gradua lly -- si nce gradual acquisition at the official price wou ld 

cause the specu lator a needless loss of interest income. 
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Such sudden acqui s i  tions by specu lators would  in aggrega te cau se the 

buffer s tock to be dep le ted sooner, and the corresponding subsequent  sales 

would cause the second piece of  the price path to begin at a lower l evel . 

Indeed, i f  speculators acquired a large enough s tock, the upward jump in the 


price path would be eliminated altogether and no incentive for a larger 

acϝui si tion would remain .  The absence of  a price jump would induce extractors 

to sell their en tire s tock to the government in the first  ins tanto It  wi l l  

be shown that such a situation cons titutes the equilibrium when s peculators 

are permi tted to enter . 

If speculators acquired stock S in the attack, t he price would (in accor­

dance with the Hotelling prin ciple (193 1 )  ) immediately ad just to a level 

( PA) permi tting absorption along a path ri sing over time a t  the rate of  

i nt erest . The larger the stock to be absorbed, the lower the initial price on 

the second pi ece of the price path: 

In the simple case under consideration, this function can be written impli­

citly as a si ngle equation: 

�;[ PAe rx}dx = So 

x=O 

The si ze of the gover nment buffer stock at the instant of the attack ( S* )  can 

be determined by solvin g the following equation, which insures that specu la­

..... 
tor s  make zero profits in equi libr ium: PA(.$*) P. S* i s  determined graph­• 

ically in Figu re II. 

[Figure II goes here] 
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(tA < t) in that case. Moreover , consumer-plus-producer surplus is higher in the 
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Given the sto ck in private hands following the attack (S*), the date of 

-the attack may be compu ted ( tA - n(P) ) . Prior to tA ' the o ffic ial price is 

maintained by the government. To do so, the government initially must pur­

chase the offerings of extractors who sell their entire stocō at the high­

est discounted price (the initial price ) .  The government must then sell to 

the marke t at the rate D(P)  . When tA is reached, specula tors sϞddenly 

attack Ěhe remaining reserves ( S*); they then sell over time at prices rising 

without a jump from the official price by the rate of interest. This scenario 

is an equilibrium since ( 1) the actions of all agents (extractors, specula­

tors, consumers, and the buffer-stock manager) are compatible (markets clear); 

(2) the government is followin g its policy rule; and (3) no speculator or 

extractor can increase his discounted pro fits at the given prices by 

alternative behavior. 

A comparison of the equilibrium with and without speculation may be use­

ful . l/ 
In bo th cases, the government ul tima tely loses all its reserves and is 

forced to terminate i ts stabi lization program. But the stock held by the pub-

lie after the prog ram terminates is larger when termination re sults from an 

at tack (S* > S ) because the rapid dep letion at the rate D(P) terminates sooner 

equilibrium containing the attac k s ince (1) the two equilibr ia are identical un t il 

only S* remains; and (2) the allocation of the remaining S* in the attack 

equilibrium domina tes a l l  o ther alloca tions o f  S* since i t  obeys the Ho tel l ing 

principle. 

In conc lusion , two points should be no tedo First, this simple model p r e­

dic ts specula tors wi l l  at  tack S\dftly, with no prior ac tivity, and before 

-c onsumers have dep leted the government buffer stock. Such behavior, which is 
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of ten regarded as  bizarre, has been shown to be the ent irely ra tional response 

8 /to the market incentives generated by the government s tabilization program. ­

Second, al though the buffer- stock program reduces the combined surp lus of ex­

trac tors and consumers relat ive. to the Pareto-optimal, laissez-f aire alloca­

tion, 	none of this welf are loss is borne by the extractor s .  Indeed, intro­

duc tion of the program rai ses the initial price and therefore increa ses the 

wealth of the extractors  relative to laissez-faire. In such a c ircumstance, it 

is not surpris ing that the program ha s its  po litical adherents . 

I II. 	 A.  Generalizat ion t o  Incorporate Stochastic Rep lenishment 

In the prev iou s s ec t  ion, we introduced a government pegg ing policy into 

the s imp les t Hotelling model of an exhaustible resource .  S ince there are no 

additions to aggregate stocks in that model , the reserves of the government ·de­

cline steadily--providing an ideal environment f or studying the incent ives for 

speculative at tacks which a falling government s tock creates. 

With this prel iminary understanding of the determinants of speculat ive 

attacks, we are ready to c ons ider whether they occur in more c omplex environment s·. 

In par t  icular, we examine the eff ects of a stabilization policy in the s tand ard 

agr icultura l carry-over model analyzed by Samuelson (1973) ,  Kohn ( 197 8), and many 

other s  . In that model private carry-overs are augmented each per iod by a rand om 


exogenous harvest drawn independently from a stationary distribution . As in the 


Ho tell ing model, there are two kinds of pr ivate agents : c onsumer s--whose demand 


depend s only on contemp oraneous pr ice--and produ cer-speculator s--whose sequential 

decisions maximize their expec ted wealth .  Al l c o s t s  are a ssumed t o  b e  zero . 

Hence ,  if the random harvest i s  degenerate at zero the model of this sec t  ion would 
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collaps e to the discrete-t ime version of the Hotelling model . The policy intro­

duced is once again p egging by means aof buf fer s tock. But the approach is 


designed to fac ilitate analysis of other government polic ies , as  will become 


evid ent. 


The model of the prev ious sec tion can be summarized by the following system 

of equat ions: 


P(t) = 

S(t) = 

P*(S(t)) Price Equation 


-D(P(t)) Transition Equat ion 


S (O) "" S Initial Condition 

where Pt (S)=max (P, PA(S)) and S is the sum of privat e  and ·off icial s tocks. 

The carry-over model of this sec tion will be pu t in a s imilar f orm . In the next 

subsec tion, it is shown that a unique equ ilibrium price func t ion exis ts  which 

ind ica tes the market price induced by attempted pegg ing as a func t ion of the com­

bined stocks of the government and private sec tor (the social s tock) . The price 

func tion is derived by backward induct ion . Subsect ion B is  devoted to  d isplaying 

other aspects of the point-in-time equilibrium associated with any particular 

soc ial sto ck, while subsect ion C adjoins to  the price funct ion t he init ial eon­

clition and transition equat ion for the s tate variable (social stock ) and analyzes 

>.:.r·f ;.;:.ochastic dynamic s of the sy stem. 

A . Existence and Uniqueness  of the Inf init e-Horizon Equ ilibrium Price Function. 

c an be  construc t ed 

ind icating the market price in the inf inite-horizon , carry-over model with attempt ed 

pegging as a func tion of the soc ial stocks brought into any period . 

We beg in the analysis by showing induct ively how a funct ion 
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If the price in any p er iod is  a known function of the s tate vector 

a t  the beginning o f  the period , and - - in the previou s period - ­

( 1 )  the governmen t obeys its  policy rule; 

(2) ri sk-neu tral private specula tors ac t optimally , wi th rational 

expectations; and 

• ( 3) the market clears , 

then i t  will be shown that the price in the previous period i s  uniquely 

de termined for any s tate a t  the beginning o f  the previou s  period . I t  is  

there fore po s sible to  deduce the equilibrium sequence o f  price func tions 

for a hor izon of length N .  S ince the horizon i s  f inite  , i t  i s  assumed that 

stocks held beyond its  terminus have no value. One therefore begins with a 

price funct ion of zero and works backwards ,  recursively construct ing the N 

previous functions . These functions , in conjunct ion with the difference 

equations governing stochastic transitions of the state variables  from th eir 

specified initial values ,  completely de scribe the equilibrium . If the horizon 

i s  infini te , i t  mus t  be shown that this sequence o f  price func tions con­

ve rge s to a limi ting price function . Thi s limi ting func tion can then be 

u sed to s tudy the s tochastic equilibrium in the infini te- time model. 

Our firs t objec tive mus t there fore be to show tha t a unique limi ting 

price func tion exi sts  and to unders  tand its propertie s. We be gin by showing 

how the price func tion in p eriod n - 1 ,  d enoted Pn_1(· )  , can be construc ted from a 

given price func tion in period n ( P ( •  ) )  . If it i s as sωned that P ( • )  i sn n 



combined 

period (hence, Kn+l = Kn 
- X

n 
+ Hn+l ) ;  

- 11 - .  


a continuous, decreasing, bounded func tion o f  the governmen t- p lu s ­

private s tock a t  the beginning o f  period n ,  then the func tion c ons truc ted 

for the previous period wi ll  be shown to inheri t  these characteristics . 

Since the zero func tion in fac t  has these charac teristi c  s,  so mus t  !ll 
the previous price func tions. 


To show that thi s  sequence converges to a limi ting price func tion, we 

verϟfy that the rule trans forming one price func tion into its predece s so r  

s atisfies Blackwell's [1965] sufficiency condit ions for a contraction mapping. 


Since the space of  con tinuous, decreasing, bounded func tions i s  a complete 

metric space, the Banach fixed-point theorem then imp lies that every sequence 

of func tions generated by this  trans formation (including the one whose fir s t  

term i s  the zero func tion) converges uniformly to a unique limi ting price 

func tion . Once the exis tence of this  price func tion is  es tabli shed, proper­

ties of the equilibrium of particular economic interes t are discus sed. 

The fo llowing no tation is u sed: 

H deno tes the random harvest at the beginning o f  period n; n 

K denotes the private s tock at the beginning of the nth periodn 

(inc luding H ) ; n 
thG deno tes the government s tock at the beginning o f  the n period;n 

9 deno tes total s tock (K + G ) at the beginning of the n th period then --

counterpart to S in th¡ conPinuous-time model of Sec tion II; 

th
X deno tes the decumulQtion (sales )  of private s tocks dur ing the n 

n 



R denotes the governme nt stock at the end of the n period (hence 

Rn • Gn+l
); 

c denotes the max imum "capacity" of the governme nt stockpile (its 

initial atock of grain plus the additional .alllOUUt of grain . �ich 

can be acquired at the official rate in exchange for"•toeks of 

the principal results); 

p denotes the price the government attempts to defend; 

denotes consumption desired· at P (D(P) • Z). 

-1 

assumption insure that 0 < ·P 1< • ) S Pc. 

D-1
(X 

- 12 -

th 

n 

the "other good". C can be made arbitrarily large without affecting 

1/l+r<l). 


z 

a denotes the real discount factor ( B • 

The market-clearing price in period n - 1 depends on the combined amount 

which private agents and the government supply to consumers. If the govern-

ment begins period n - 1 with a stock of G 1 and ends the period with a 
n-

stock of R 
n_1

(-G
n

)' then it must have sold Gn-l 
- R to the matket. If

n-l 

private speculators sell an ad ditional X units, the market-clearing 
n_1 

price wi 11 be 

G - R1 + 1 1).n- n-pn-1 • n- . 

that D c 
It is assumed (the vertical intercept of the inverse (0) • p 

-1 -1
curve), D (X)> 0, lim D -1

and D'(X) • 0, (•) <demand 0. These 
Ā 

n-



Xn_1> 

of entering social stocks. 

We 

R Private 

So far, it has been shown 
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that Pn ̈ l can be 

variables? 

-- for any 

specu lative sales 

determined from and©-l 

But what determines these We will adopt the followingRn-1' 

approach. First, we will deduce specified government stock {R )n-1

at the end of the period -- the (X	¬ ) and hence the market- .n-l
" 

which R 1n-

. • 

clearing price (P ) for the period. We will then determine andn-1

hence P is consistent with the particular policy rule under consideration. n-1 

In thisªway, we determine the unique market price associated with each level 

begin by determining speculative sales during the period for a given 

sales (X ) depend on speculators' attempts to make money.n-1 n-1 

Speculators are assumed to know the current price and to anticipate correctly 

the mean disc ounted price next period. If a capital loss is expected, no 

private stock will be carried. Conversely, if stocks are carried no loss must 

be expected. More formally, -- 0 and Pn-l SEPn ŋ 0, with comple­«-l 
. 9/mentary slackness. ­

If the subjective expectations of the speculators are "rational," their 

behavior is determined by the objective expected price. It is assumed that we 

are given the price for period n as a function of the social stocks at the be-

and K z K ­ginning of the period: P (K + G ).n n n n n-1 

H , the expected discounted price in period n depends on the sum of the stocks n 

carried into the n th period by the government and private sector: 

8EP = SEP (K - X + H + R ).n n n-l n-l n n-1

We now have the ingredients to determine X and P as functions of K 1,n-1 n-1 n-

G and R 1 It is assumed that the given function P 
n 

(•) is bounded, contin­
n-1 n­

uous, and decreasing. Then the discounted expected price function derived from 

P (•) will also possess these properties. Given K , G and R , X is n n-1 n-1 n-1 nŌl 



R ·n-

Ɔ 

1 1 1 
ώ-----------Ϗnϐ-ϑ------ϒnϓ-ϔ------ϕ--------------------------,--ϖnϗ -Ϙ---ϙnϚ -ϛ1Ϝ 

K
n-l 

- X
n-l 

n- n- n-

unit lo sses  
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the unique solution to the following conditions: > 0 and 

- lD (X + G - R ) - SEP (K - X + H + 1) ÿ 0 ,
n-1  n-l n- 1 n n-l n-l n 

with complementary slackne s sϊ 

To de termine X 1, one fir s t  solve s the condi tion tha t  expec ted per n-

are zero and then checks to s ee if the sale s required for tha t 

solu tion exceed priva te inven tories. I f  they do , the cand idate solu t  ion is  

infeas ible ϋnd X is  set equal to K The de termination o fn-l n-l · 

X 
 1
E
CK 
 1, G 1, 
 R

n­1) 
 is illus  trated in Figure III : 


[F1gure III goe s  here] 

In the par ticu lar case porόύayed , the sale s required for expec ted per unit 

losses  to be zero are fe as ible and hence X 1 is the horizontal interce p t .  n-

Change s in K 
1

, G 1, and R shi ft the curve in Figure III and , n- n- n- 1 

the refore , alter X 1• The sensitivi ty of X 1 to change s in the se variab les n- n­

may be ob tained by to tally di fferentia ting ( ) .  

= oxn-1 I�Gn-1 
K 1 ,

. 
R 1n- n­

nxn- 1 

n-1 G R
1' 1n- n­

=CV::n-1 InRn-1 K Gn-1' n-1 

for X < K for X = K 

0 

6EP1(K l - X l 
+ H + R 1)n n- n­ . n n­ 0> 1 

1 0 



ƅG 
n-

n-1 

Higher Q1s underly lower price functions. 
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To determine Pn_1 as  a function of Kn_1, Gn_1, and Rn_1 we subst itute the 

specula tive sale s func tion into the inverse demand curve: 

pn-1 

The properties o f  this price function fo llow from the properties o f  the 

speculative sρles function: 

oP n-1 I
n-1 

K 

= 
(IPn-1 \ 
(IK.n-1 

G 
< 0 for X 

1 S K 1n-
 n-

R n-1 R n-11' 
 1' 
n­ , 


and 


= 
> 0 

for X 
 < KJ:�.- 1 

for X Kn-l 
= 

n-l · 

The fir s t  property imp lies that P n-1 
can be expre ssed as a s trictly 

decre asing function of  the sum o f  priva te and government stocks . The 

second implies tha t increases in R do not alter P as  long as  n-1 n•1 

X < K since they induce o ffse tting increases in X Once X 1 cann-l n-l n-l  · n­
incre ase no further 
 (Xn-1 = K 
n­1) ,  however , increases  in R 
n-1 raise the 


pri ce. 

Given P ( • ) , we plot the field of functions n 

P R ) agains t R ( treating Q as a parame ter) in Figure IV. 
n_1(Qn-l ' n-l n-l n-l 

[Figure IV goes here] 
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Each pr ice function in Figure IV is de fine d for 0 $ R $ 9n-l n- 1• 
I f  R is increased from zero , the price associa ted wi th a given e

n-l n-l 
for as long as X 
 1 
 < K n-
1• 
 Once X 
 1 
=
rema ins constan t 
 K further 
1 ,
n-


raise the price . When R 1 re aches 9 , X + G n- n-1 n-1 n- 1 increases in R 
 -
 Rn-1 = 
1 

c so P • p -- the vertical in tercept of the inverse demand curve. Thus , n-l 

each price function has a flat region where specul a tors carry inventories and 

a slope d region where they carry none. ·ςreover , the-e - parame ter underly ing 

a par ticular curve is de termined graphica lly as the horizon ta l componen t  o f  


cthe po in t where the price function crosses the horizontal line o f  he igh t p . 

So far, we have de termined the equilibrium price func tion for any given 

leve l of government stocks at the end o f  pe riod n - 1. This analysi s applies 

of  the po licy pursued by the government. Bu t to comple te the 


de termina tion of P 1 (•) , the government behavior rule must be speci fied .  n-

In general , the ru le might depend on pr ice , priva te stocks , and government 

stocks a t  the beginning o f  pe riod n - 1: 

to the case o f  govern-

if p > p 

i f  p • p 

to make our po ints simply þe wi l l  res trict ourse lves 

men t pe gging : 

0 

R(P) : [0 C] 

if p < pc 

That is,  the government wil l .allow the marke t pri ce to rise above the off i­

cial price only when there are no mo re grain reserves to se ll  and will let 

the ma rke t price fall be low the official level only when it has no thing 

left to exchange for additional grain reserves . 
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In Figure V(a ) the government behavior rule and the field o f  contingent 


price func tions are same diagram . 

goe s here] 

plo tted toge ther on the 

[Figure V(a and b )  

S inc e each price func tion is continuous and posi tive for 0 Ƅ R S Q ' n- l n-l 
i t  σu st  intersect the po licy rule a t  least  once . Fur thermore , since the 

government rule decrease s whi le the price func tion associated wi th any 

given Q 1 increases, the intersection point mu st have a unique vertical n-
component . This component te lls  us  the unique price -- for any given Q

n-l 
simul taneou sly consi s tent with op tima l priva te behavior ,  adherence by 

the government to i ts pol icy rule, and marke t cleariτg . I t  should be no ted 

tha t P 1(9n- l) --like i t  s predece ssor - - is a bounded, con tinuous ,  decreas ing n_ 

func tion of one variable . The price func tion derived from Figure V(a ) i s  

ske tched in Figure V (b) . The procedure ou tlined above can be app l ied re ­

peatedly to cons truc t P 2, P 3, • • • •  We pos tpone further discussion o f  n- n­

properties of the cons truc ted func tions until  we have shown tha t backward 

recursion from the zero func tion conve rges to a unique l imi ting func tion . 

We have shown how a price func tion in one period can be used to determine 

the pri ce function in the previou s period . Deno te thi s  transforma tion by 

T(• )  . T(•) take s any element in the space o f  continuous, bounded, decreasing 

funcυionφ·to a particular e lement in the same space. Since the space is a 

comp le te me tric space, every sequence genera ted by repea ted applica tion o f  

T(• ) converge s uni formly t o  a unique limi t ( the fixed point o f  T (•)}  provided 

that T(•) is a contrac tion mapping . 
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To demonstra te tha t  T (•) is such a mapping we verify tha t  it sa tisfies 

Blackwel l's su fficiency conditions : 

(1) I f  P(Q)  , p (Q)  are two price func tions with P(Q)  � p(Q)  , then 

T (  P(Q ) )  � T(p(Q )  ) for all Q. 

(2)  If B > 0, T (P(Q)  + B) S T ( P (Q )  ) + SO, where 0 S 8, < 1• 

. The verifica tion proceeds as follows. I f  we are given a large r  pr ice 

func tion in 'period n (P (Q)  � p (Q  ) ) ,  the expec ted discounted price in period n n 

n wil l be larger for any K ' G ' R and X Consequently X 1 wil l  n-l n-l n-l n-l· n-

be smaller for any Kn-l ' G R and accordingly , wil l be larger for n- l  ' n-l Pn-l 

any K 1 + G 1, R 1• As a result  P 1 will be larger for any K + G 1 ,n- n- n- n- n-1 n-

establishing that  T (•) possesses the first property. As for the second , 

suppose the price function in period n were higher by a constant (c). Then , 

the expec ted discounted price in period n for any given K 1, G 1 , R 1,n- n- n­

and X n-l would be higher by 86· I f ,  for the par ticular Q X
n-l ' n-l < Kn-l 

previously , then the increase in the expected price wi ll result  in a 

reduc tion in X 
 1 o f  su fficient magnitude to raise P 
n­1 by SB· 
 If ,  for the 


particular Q 1 , X 1 c K 1 previously , then P 1 > SEP and the increase n- n- n- n- n 

in the expected discounted price may either (1) induce no con trac tion in 

X and hence no change in P 1 or (2) induce a contrac tion in X 1 be low 
n-1 n- n-

K n-1 and hence an incre ase in P 
 1 of less than So. In either case , T (•) 


sa tisfies Blackwell's second condition. I t  follows tha t eve ry sequence 

genera ted by repeated application o f  T (•) converges uniformly. Hence the 

sequence whose first term is the zero function (0, PN (•) , PN 1 ( •) , • • • ) has -

unique ltmit. 
11/ 

a Moreove r ,  the limit is continuous , bounded , and decreasing. 
12/ 13 / 

We deno te it by P(Q)  .- ­
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B. Proper ties of the Equi librium fo r 

construc t  the P (9  , R) 

a Given 9 


Given P (9 )  , we can curves for the previous period. 


Since P(Q )  is con tinuous , bounded , and decreasing, the field of curves 

(P(9 , R)) der ived from it will have the same appearence as those in Figure 

Va. For convenience , we shall assume the curves in tha t diagram were 

derived from the limi ting func tion , P(Q)  . 

Some price func tions in Figure Va emanate from the ver tical axis w i th 

a horizontal slope and then are kinked , while o thers emanate wi th a posi tive 

slope and have no kinks . I t  can be shown in general tha t  the locus o f  kinks 

rises to the le ft un til it interse c ts the ver tical axis , and that the pr ice 
14/

functions wi th higher ver tical inte rcepts have no kinks .­

In Figure Va, the locus of kinks intersects the vertical axis above 

the offic ial price (P)  . In princ iple , this need no t be the case and a weak 

assumption must be introduced to guarantee it. Wi thou t  this restriction , 

the interse c tion may occur below or above P ,  as is illustra ted respectively 

in cases (a )  and (b) of Figure VI. 

[Figure VI goes here] 

In each case , NK is the locus of kinks . The sma llest social stock (9 )  at 

which the o fficial price can be maintained is deno ted "A". In each case , 

the price func tion associated with 9 =A (P(A ,  R)) is ske tched . 
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Whe ther case (a) or  case (b)  occur s depend s on the re lation of  two 

numbe rs  , A and z. Since a social s tock o f  A induce s  consumption o f  Z, 

A � z. Case (a) o f  Figure VI occur s  when A = Z, whi le case (b)  occurs 

when A > z as the following considerations indicate. I f  ( 1 )  A = Z ,  (2)  

soc ial s tocks are A ,  and ( 3 )  the government end s up  wi th no s tocks (R = 0)π  

then the entire social s tock is  consumed and speculators carry no inventories 

-(K X = 0) .  - - the case illustrated in (a). I f ,  ins tead , A > Z under tho se 

circums tance s, part o f  the social s tock is  consumed (Z < 9) and the remainder 

i s  carried ou t of  the period by speculator s (K - X > 0) -- the case i llus trated 

in (b ) .  

The s ize o f  the governmen t s tockpile at the end o f  the period (R)  can 

be expre ssed as a func tion o f  the social stock (B ) at the be ginning of  

the period. As  Figure VII i l lus trate s ,  the shape of R(P(Q ) )  depend s on 

the relation of  A to z. 

[Figure VII goe s  here] 

I f  A = z, government s tocks approach zero smoo thly as soc ial s tocks dec line 

be low A. I f  A > Z, howeve r ,  a sligh t  reduction in soc ial s tocks can cau se 

a precipitou s disappearance o f  the government s tockpile . S ince consump tion 

is  a con tinuous func tion o f  9 (D (P (B) ) ) ,  the sudden reduc tion in government 

s tocks has as i ts counterpart a sudden acquisi tion by speculator s. For 

thi s  r eason , A i s  referred to in case (b)  as the "attack thre sholdχ" The 

shape o f  the func tion s in Fi gure VII can be derived graphically from 

Figure VI . The indeterminacy in R ari se s  in case (b)  be cause the horizontal 

segment of P (A ,  R) coincide s wi th the horizontal segment o f  the government 

pol icy 
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To eliminate the possibility of case ( a )  and therefore to insure that 

a speculative at tack occurs whenever social stocks fall below A, it is 

to introduce a weψk restriction. In terms o f  exogenous func tions 

and parameters , it is assumed that: 

Z Z+C-l CDP < .S[ \ D (H) dF (H) + P \zdF(H) + \ D -\H - C )dF (H)}  
0 Z+C 

16/ -or equiva lently ,- P < SEPN(H) . 

S ince the sequence o f  price functions whose first term is the zero func t ion 

is incre asing, the condition can be shown to imply that  P < SEP (HJ and 
18/

consequently A > Z-

The restriction that P < SEPN(H) can be re adily understood. It states 

that the mean discounted price in the fina l period of a finite-time model 

would exceed the official price if no stocks were carried into the fina l 

period by either specul ators or the government . This prospec t of expected 

profits insures that  speculators would attack if the government stocks were 

sufficiently small  on the next-to-last period . 

Other charac teristics of the equilibrium for a given 9 are apparent 

from Figure VII b. Since for so c ial stocks slightly above the attack thr eshold 

(9 >A) ,  speculators carry no inventories (K - X =  0 )  and the official 


price is maintained , larger social stocks at the beginning of the period 

mean larger government stocks at the end of the period. For some 9, 

maintenance of the official  price requires the government to hold a 

stockpile of C at the end of the period. This occurs when 9 = Z + c.19/ 



- 22  ­

The price func tion as  sociated with thi s social stock (P(Z + C ,  R) ) is  plo tted 

in Figure VIII. 

Larger social s tock s depress the market price below the offi cial price 
20/

(P) ,  bu t induce no specula tive carry-overs (K - X = 0) .--0nly when 9 exceeds 

some level (F in Figure VII!) are specula tor s motivated to carry s tocks 

(K - X >  0) . Figure VIII plots P (A ,  R), P (Z + C ,  R), and P(F ,  R) against 

R ,  �long wi th the government policy rule . The intersections de termine the 

equilibrium P and R as socia ted with each size social s tock. 

[Figure VIII goes here] 

The behav ior of speculators when F > 0 > Z + C is eas ily understood. For 

0 in this region, the market price is only slightly below the of f ic ial ceiling 

pr ice. Thus, the government policy trunca tes  capi tal gains but not capital 

losses. Under this circums tance , i t  is not profi table for specula tors to carry 

s tocks . If soc ial stocks exceed F ,  however , the market price is depressed 

enough below the ceiling tha t the potential capi tal ga ins at  trac t specula­

tion .  Similar proper ties are to be expected in models wi th price bands . 

S pecula tor s will hold no s tocks when the market  price i s  slightly below 

a ceiling bu t will hold inven tories when the market price i s  slightly 

above a floor . Such si tuations are often labelled "one-s ided be ts." 

Given P(9), we can compu te the discoun ted expec ted price on the 

following period as a func tion of 9 :  SEP (9 + H - D(P(9) ) ). Current and 

discounted expec ted price are plotted together in Figure IX. 

[Figure IX goes here] 
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For any 9 ,  the discounted expec ted price either equals or is  le ss  than 


the current price . Wheneve r a capital los s  is  expe cted (for example , 


when A< 9 <F) , s pecula tors carry zero inventorie s (K - X o  0). 

Figure IX can be u sed to clarify an important que s tion . The mystery 

of s pecula tive at tacks is why they are so precipi tou s .  Why, is there never 

social stocks in Which the government maintains the official 

Why i s  there only one size social 

s tock which induce s thi s  behavior? 


If -- for some range of 9 -- speculators held s tocks while the govern­

ment main tained the official price , then the discoun ted expec ted price 

would have to equal the official price over tha t  range of  9 .  But as 

21/ Figure IX illus trates,-- the expec ted di scounted price func tion is  stric tly 

decreasing when its  height  i s  P and is non-increasing throughout .  Hence 

only one size social s tock is cons is tent with priva te holding at the official 

price . A similar re sult hold s for any government policy wi th a ce iling. 



Three regions may be distinguished: 

c. 

I t  has been exi sts and that it 

exceeds or the magnitude of  9ο 

S tochastic Evo lution of 9 
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shown tha t  a unique limiting price function 

falls short of the o fficial price depending on 

9 < A, (P(Q)  lit P) 

(P(I) = P) 

(P(Q)  < P). 

Region 1 

Reʉion 2 -

Region 3 

Transi tions from one region to its neighbor have the following economic 

in te rpre ta tion. I f  Q crosse s from region 2 to re gion 1, the government loses  

its entire stockpile in  a sudden a ttack and can no longer prevent the market 

price from exceeding the o fficial leve l .  As long as Q remains in region 1, 

all stocks carried between periods are he ld by private speculators. When 9 

crosse s back.into re gion 2 ,  speculators expect inade quate gains and se ll their 

stocks to the government at  the o fficial price . As long as Q remains in 

re gion 2 ,  all stocks carried between perio ds are held by the government. When 

Q crosse s from region 2 to region 3 ,  the government is no longer able to pur­

chase the additional grain ne ce ssary to support the market p rice and i t  falls 

below the offic ial level. As long as Q remains in region 3, the government 

c ontinues to carry its full capacity. I f  addi tional stocks are ca rried they 

must be he ld by priva te specula tors. When Q crosses back into region 2, all 

stocks are once again carried by the gove rnment. 
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To complete the analy sis ,  the s tochas tic evolution of 9 mus t be studied  . 

9 evolve s according to the following first-order Markov process :  

Pr ice Function 

-

= Transitio n 
Equation 

9t+l 9t 
+ {Ht+l - D (Pt

) 1, t = 
' 0 , 1, • • •  

Initial 
Condition 

Various events of e conomic interest  depend on 9 and it is some times possible  

(even without Mon te Carlo simulation) to compu te the probabilitie s that events o f  

particular in tere s t  occur . To il lustrate , we will inve s tigate the probabil ity tha t  

9 eventually de cline s be low A regard less o f  the initial size of the private p lu s  

gove rnmen t s tocks and al so  the probabil ity that this event will recur fr equently . 

We will as sume tha t  the official price is set  to induce consump tion equal to the 

expected harvest (D (P) c E (H) ) .  Consider the s tochas tic difference equation 

above . If  it were true that P(9) = P for all 9 ,  9 would execute an ordinary , 

additive random walk with zero drift . In fac t ,  al though P(9) = P for 

9e [A ,  Z + C ]  , the func tion is s trictly decrea sing elsewhere . When stocks 

exceed Z + C ,  the price falls s timulating additional consump tion; when s tocks 

fall be low A ,  the price rise s rationing consump tion . Hence the s tochastic 

proce s s  under consideration is a variant of  the much-s tudied , classical random 

22/
walk and can be analyzed by using we ll-known resul t s  . 

The mo tion of 9 is repre sen ted graphically in Figure X .  The que s tion t 

of  whether an attack mus t  occur is equiva lent to the que s tion of whe ther 9 



fortiori, 

- 26 ­

must eventually drop below the attack threshold .  The question of its recur­

rence is equivalent to whe ther with "virtual certainty" 9 drops below the attack 

thresho ld more than any finite number o f  time s .  

[ Figure X goes here ] 

The claim tha t a speculative attack is virtually inevitable rests on the 

in random-walk theory popularized in the proposition that playingstandard theorem 

a fair game against an opponent with infinite wealth "assures" ruin. That isʊ in 

n rounds o f  play , various distinct ordered sequences  o f  events (wins and lo sses) 

might occur. Each sequence of length n has a probability attached to ito The 

sum of the probabilities o f  events (sequences) which imply ruin (zero wealth )  

approaches one for large n. 

Li ttle need be changed to apply this theorem to our modified random 

walk. Assume for the momen t tha t  the disturbance te rm (H - D(P(e ))) conformedt t

e xac tly to the conventional random-walk assump tion (zero mean , i.i. d .  ) o Then Q 

would hit zero with probability one and would , a also hit the attack 

thresholdo More precisely, fo r any n, some sequences of n harvests would cause 

the stock to drop below the attack threshold  and some would no t; bu t the probability 

o f  generating sequences in the fo rmer class can be made arbitrarily close to one 

by suitable choice of  n .  Consider the se t of  sequences of  harvests which genera te . 

attacks . generate at tacks if proper account is now 

taken o f  the fact that -- when combined stocks exceed Z + C -- the additive dis­

turbance term should in fac t be smaller than was suppo sed when the additional 

induced demand was neglected.  Indeed, some sequences o f  harvests which did no t 

All such se quences would still 
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re sult in an attack when the addi tional component o f  deman d was ignored, would  

re sult in an a ttack when proper account of  it  i s  taken . Hence, for any n,  the 

probabil ity of an a ttack i s  at least a s  great in the case of our modified random 

walk as  in the conven tional cas e .  This prove s that i f  the official orice induce s 

demand equal to (or exceeding) the expected harvest  , the buffer-s  tock manager 


will almo s t  surely experience a speculative attack. As for the po ssibility 

of repeatǁd a ttacks , the appendix contributed by R. Wenocur extends the 

recurrence property of the classical random walk with zero dri ft to the 

case of  our mo dified random walk .  Provided the demand induced by the o fficial 

price exactly matche s the expected harve s t ,  the bu ffer-s tock manager can look 

forward with virtual cer tainty to an infinite number of subsequent attacks . 

I V. 	 Conc lus ion 

In this paper, we ha\·e cons  idered s ituations where the government i s  

unaƃlc ro usc a buffer stock to s tabilize a price forever . I ts futile at temp ts 

to do so  result either in upward price jump s if speculators are absent or in 

spe culative attacks if s peculators are pre sent . The economi c function of  such 

attacks de serve s empha si s .  An attack prevent s the oc currence of di slocations wh ich 

re sult from sudden cutbacks in c onsump tion . Such cutbacks accompany upward j ump s  

in price . 

One general consequence of compe titive speculation i s  the elimination of  
23/all upward price jump s which can be fo reseen .--- When the government s tocks approach 

a leve l beyond which a future price jump would be expected, the pro spec tive j ump 

i s  avo ided by the swift "tran sfer" of  s tocks of  the commodity which has become 

sc arce from the hands of irre sponsible bureaucrats who would continue to sell the 

remaining re serve s at  the low official price to speculators who will sell them a t  
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prices which change gradual ly to reflect e conomic s carcityo The attack i s  ins tan­

taneous be cause s lower acquisition is  unnecessarily co s tly to speculatorso 

Whe ther such attacks actually occur under the circums tance s spe cified in 

this paper i s  an empirical matʏer which no amount of theorizing can ʐesolveo The 

predictions of the paper fo llow logically from the assumptions.  Readers who doub t 

the validi ty of  the a s  sump tions concerning optimal behavior or ra tional expectations 

may qʑe s  tion the validity of the theore tical predi ctions . None the lessʒ it should be 

emphas ized that al though these  as sumptions have been shown to be sufficient to 

generate the conclusions,  no one has contended that they are necessaryo On the 

con trary, simi lar conclusions may we ll fo llow from more "realistic'u as sumptions o 

Like any o ther , this  theory should be judged by the accuracy of its  

predictionso  Fortunately, experiments have recently been designed and executed 

[Mil ler e t .  al .  , 197 7]  to te s t  the predictions of the theory of in tertemporal 

compe titive spe culation in the ab sence of government interventiono To extend 

the se  laboratory experiments to situations invo lving at temp ted pegging seems 

s traightforward . Such an extension will permi t  a replicable tes t  of  the theoryʓ 

If the theory predicts we ll , a general computeri zed ve rsion o f  the model  can 

be used to fore ca s t  the consequence s of any buffer stock policy which is conʔ 

temp la ted . 



Appendix to Se ction II 


Attack on Gold 


Between 1 93 4  and 1 96 8, the u.s. pegged the nominal price of gold at $3 5 

per oun ce. Hen ce, the real price varied invers ely with the price lev el. When 

speculators att acked in 196 8, the government salvaged some of its buffer stock 

by closing the gold window. It has re cently begun to auction the portion 

ret ainėd. 

For simplicity, we will assume that inflation over the period proceeded at 

a const ant rate ( n) so that the real official price de clined expon entially. 

Further more, we will assume that speculators anticipated that the government 

would be unwilling to sell its entire stock to defend the official price, but 

would ins tead initially retain G for subs equent disposition. W e  will suppose 

speculators anticipated that the portion ret ained would be auctioned at some 

+
unknown in terval (t ) afte r the re s t  of the government buffer s tock was exha us t­

ed and that t+ was taken to be exponentially distributed with mean 1/a • 

The gov ernment might not have behaved as the speculators 

simpl y becaus e we mus t make some assumption about the relation of 

expectations of the speculators to the subsequent conduct of 

and no al ter native assumptions seem superior -- we will assume that 

tors were correct both about the amount of g old ret ained by the 

about the manner and timing of its subs equent disposition. 

We begin on ce ag ain by considering the equilibrium in the abs ence of 

speculators. Infl ation would have progressively eroded the real official 

price -- stimulating increasing deman d -- until the government stocks even­

tua lly dwindled to G. At that point, the gover nment would have suspended its 

anticipated. But 

the prior 

the government 

specula-

government and 
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peggin g operation, and the re al price would have soared high enough either to 

e liminate demand entirely or -- al ternatively -- to provide enough incentive 

for foresighted extractors initially to have withheld same of their stocks 

from the government when the st9ckpile was first created in order to s ell them 

after its exhaustion. 

I n  the presence of speculators, this price path ceases to be an equili­

rium sin ce it gives speculators an in centive to pur chas e infinite stocks 

immediately before the upward jump in price. Such behavior would "tend" to 

shorten the duration of t he  pegging o peration and reduce the market price 

which would prevail following its demise. In the new equilibrium, s peculators 

wo uld attack , the government would close its windCM o n  G units , and there 

would be no upward jump in price. 

The size of the governm ent stockpile {S� just prior to the attack may be 

det ermined as bef ore by expressing the price irmnediat ely before and after the 

attack as functions of S and then finding that stock which equalizes the two 

prices. 

Since the nominal price {fn) is pegged in this case, the real official 

price ( f) prior to the attack is no longer cons tant as  was its  counterpar t 

( P) in Fi gure II  . As time elapse s ,  the s tock held by the government falls 

from I and the real official price falls from f • Hence the plo t o f  f again st  n 

S (varying time parame tric ally) in Figure Al is an upward sloping curve pas sing 
24/

through the point (I, f ) . ­n
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As befor e  , t he  mar ket pr i ce immed i ately f ol lowing the attack i s  a(P8) 

decr easing func tion of t he  s toc ks held pr i vat ely ( S-G) . But t he mar ket pr i ce  

would al so be aff ected t:¥ two exogenous par ameter s - - t he  amoWlt r etai ned by 
t he  government (G ) and t he  proba bility per per i od t hat i t  wo uld be auctioned 

( a ) • Hence we denote P8 as follows : 

In a pre vious paper , S al ant and Hende rson (197 8 ,  p .  63 4 )  s howed how t he i ni­

ti al  pr ice on an equ i l i br i um  pat h  can be de termi ned when ther e i s  a pr obabi l­

ity a t hat t he  gover nm ent mi ght auction G uni ts of gold and spec ulators own 

a s toc k of an y  g i ven s i  ze .  Hence , t he  P8 func tion above i s  a reduced form 

of the S alant-Hende r s on gold mode l ,  j us t  as the PA funct ion is a redu ced 

f orm of the H ot el l i ng oil mode l .  The func tion is  plo tted in Figure Al . P8 

[ Figure Al goe s here ] 

+ +
The two curve s in Figure Al intersect at  the point (S  , f ) o  The 

coor di nate s indi cate t hat t he spec ula tive attac k  occ u rs when t he r e  al pr i ce 

r eache s f+ and the buffer s toc k decl i ne s  to s +  ( > G )  . At that po i nt ,  

s pecul ator s pu r cha s e  s+-G ,  t he  government s alva ge s  G for s ubs equen t auc t i on 

at Cl'l. Wl known date , and the pr i ce r i ses wi thout a j ump f ran f+ a l ong the 

traj ector y descr ibed in det a il in S al ant-H enderson (197 8, p .  635-6) • 

Changes i n  gover nment pol icy par ameter s al ter t he  date of t he  s peculat ive 

a ttac k .  A decreas e i n  t he r ate of i nflation ca us es the upward-s loping curve 

in Figure Al to flatten, pivo ting around (I , f ) so that a smaller s tock is  
n 

associ ated wi th each r eal off ici al pr ice . 25 / The po i nt of i nter s ec t i on 
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attack . 

proba bility of an 

An i ncreas e i n  a would 
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s hif ts to the lef t Ƃ  impl yiA'l g  t hat t he smaller the r ate of i nflation , the 

sm al l er the bu f f er stock at the t ime of the att ac k .  S i nce i t  take s  longer at 

higher re al pr i ces f or t he  s toc k  to be red uced to any given level , l owering 

the rate of infl at i on  mus t al so delay the speculative 

In S alan t-Henderson ( 1 97 8  , p. 63 7 )  increases i n  the 

expectSd auc t i on  (a ) ar e s hown to depr ess the pr i ce o  

there fore shift ǂhe downward-s  loping curve in Figure Al to the left so tha t  

the two cu r ve s  i nter s ected a t  a lower real pr i ce . Hence , t he  s hor t er the 

e xpected i nter val between t he  date of the attac k  and the subsequent auction , 

the longe r spe culator s would  po stpone Lhe attack . Final ly, it  can be shown 

th a t  if a smal ler por tion of a given s tock is in fac t retaine d by the 

gove rnment for subsequent auction , the price will initially be lower 

o:. , s 
= PB 2 PBl > 0) . Thus, if  s peculators anticipate tha t  le s s  wi l l  

be w i  thhe ld ,  the downwardǃ s loping curve in Figure Al shi fts to the left and 

the intersection occurs at a lower real price -- implying once again tha t the 

at  tack occurs late r Ǆ  Hence , if the government reduces the rate o f  inflation 

to zero and fo s tered the belief tha t  the entire s tockpile would be commi t te d  

t o  the defence of  the official price, the attack wou ld be de layed the longes  t .  

Bu t thi s  i s  the case o f  the Re te lling model s tudied in Sec tion Il o 



general 

re served for more re s tric ted 

Appendix to Section III 

A Recurrence Property of a Modi fied Random Walk 

by R .D . S  . Wenocur , Drexel Univers i ty 


We examine a basic recurrence property o f  a specific disc re te para­

me ter Markov process  , (X , ǅ N} , which we choose to call 
n 

one-dimensional random walk, al though the term "random walk" i s  u sually 

a mod i fied 

cases . Before proceeding, let us e stablish 

our no tation . N deno tes the set o f  natural (counting) numbers  , including 

zero ; that i s  , 

2N = ( 0 ,  1 ,  , • • • • • } ;  

R represents the set of  real numbers . For the s ake of  brevi ty , we refer to the 

robability triple ( r�, A, P) with basic set Q, Borel f ield (o a lgebra) -

A of sub se t s  (events ) of O, and probability me asure P, wi thout any discuss  ion 

of Kolmogorov ' s  extension theorem or of the dis  tinction be tween an abs trac t 

probability space and one of the function- space type ,  involving realizations 

of the proce s s .  ( See , for example , Chung ( 1974) , Chapters 3 and 8 .) Generally , 

w deno tes a sample point o f  o. c 1 ,  e 2 , • • • •  are independent ,  identically dis­

tributed (i .  i .  d .  ) ,  non-degenerate real-valued random variables with finite 

mean u and common dis tribution function F; g :  R [ R is a mʈo tone , nondecreasing 

func tion satis fying . 

t < a  s u 

= a s  t s b ug ( t) 

t � b 



- Bι -

for some fixed a ,  be R.  The proce ss  X is defined as : 11 

a S a s b (a cons tant) 0 0 

and the proce ss  s <m) is defined as 
n 

(m) . 
s = X

0 m 
(m)

(m)
s = s + (em+n IJ.) •-

n n-1 

(0) 
For convenience , S = S We note tha t {S ' n eN) is a c lassical randomn 0 n 

walk , and that the proce ss  {X ' n eN} is identical to {S ' n e N) when g ( t)n n 

Now , let  us present our main re sult .  Theorem : If  'I ,  e2,  • • • • 

are i . i .  d .  real -valued random variab les wi th common dis tribution func tion F 

and fini te mean IJ, '  in the sense that 

- ƀ ·  

then 

=P{ X < a infini tely often) 1 ,n 

=and P{ X > b infinitely often) 1 .  
n 



stopping 
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Proo f :  Le t 

A = { - CD = lim S < TI;ü n 
û 

S n = + ao} • (lA)CD 

In o ther words, A consists of all w e  0 such tha t 

s l  igh t  modi fication of  

(s , (w) ; n e N} is
CD n 

unbounde d from both above and be low . By a a theorem 

o f  Chung and Fuchs (19 51 )  , 

P (A ) 1 .== (2A)
CID 

time N aoCons ider w e A . By (lA) , for w e A , there exis ts a 1 Ƈ + 
CD CD

such that 

and 

s for all i < N •
i ý a 1 

Certainly , 

Suppo se 

X < b fo r all n � N • 
n - 1 

Then 



time s 

> 
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I 
But this contradic t s  w e A

recurrence . Therefore , 

>, s ince a transla tion o f  the S -proces s  a t  the N - th 1

s tep does 	no t a ffect i ts there exi s ts N2 > N such1 

tha t 

�2 > b 

and 

Continuing in thi s  fashion , employing an induc tion argument,  we obtain 

A C (X < a infini tely o ften}
Z n 

and 

A c (X > b infini tely o ften} . n 

An appeal 	to (2A)  es  tablishe s our result . • 

The s topping time s N employed in the proo f are , o f  course entrance i 

into cer tain Bore l sets . 

The re sul t  s ta ted and proved above is  sufficient for our pre sent 

purpo ses . For further de tai l s  on the proce sses (X , n eN } and ( S , n eN}n n 
as  defined he re , re fer to Chung and Fuchs (195 1 )  , Chung and Orns tein (1962 ) , 
and Wenocur and Salant (1979 )  . 

Re turning to the no tation employed in the body o f  the paper , 

xt ... 9 t 

e • H t t 

g(x)  = D ( P (x) ) 

a = A 

b .. g + c. 

le t 
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In addition, we stipulate that 


(3A) 

Under assump tion (3A ) ,  remarks ʕontained in the la s t  part of Section II 

re garding los se s  of fund s  and speculative attacks as recurrent events are 

mathema tically jus tified . 





compari sons 
policy using 

regardless  per formance 
sample period 

forecasting . "  

Foo tnote s  

*I The views expres sed in this paper are sole ly the author ' s  and are not intended 

to reflect  the o pinions o f  the Fe deral Trade Commission . The author wishe s to 

acknowledge useful di scus sions on a ttacks with Ka therine Blair, John Bryant , 

Dale Hender son , Va l Koromzay , Pau line Ippoli to, S teven Sa lop , T .N .  Srinivas an, 

She ldon Swi tzer and Pe ter Zadrozny . 


1 /  The government ' s  desperate a t temp ts to stabilize silver prices are summarized 
in Burke and Levy (1969 )  . The fu ti le at temp ts  by the priva te sector to keep a 
lid on tin price s are summarized in Fox (1974) .  

ll See , for example , Bergs ten (June 8 ,  1977  ; p .  9 )  or Bergs ten (June 8 ,  197 6 ;  
p .  9 )  . . 

3/  In Goreux ' s  evaluation o f  bands [ 1978 ]  , he as sume s away private speculator s 
;! toge ther al though he s tre sses  the desirability o f  including them and "their 
reac tion to the bu ffers tock intervention rule" in fu ture work . Two e conome tric 
studie s inc lude priva te speculator s but fai l to cap ture their reaction to the 
policy regime facing them . In one s tudy pre pared j o intly for the Depar tment 
of S tate, Tre asury , and Commerce by the Commodi ty Re search Uni t ( 1977 ) ,  an 
econome tric mode l of the copper indus try was e s  tima ted under the conventional 
(but erroneou s )  as  sump tion that agents react only to current and lagged pri ce s .  
Then - - under the ( false ) as sump tion that behavior would no t be a ffe cted by the 
opera tion of the governmen t buffer stock -- a price forecast  was generated . In 
many of the s imula tions reported , the s tockpile was exhaus  ted during the 15-year 
simulation period and an upward j ump in price re sul ted . Such price paths  are 
di  sequi libria and, as such , have no legi timacy as forecasts  . No properly 
speci fied mode l would generate them . In ano ther s tudy, S chink and Smi th [ 19 7 6 ] 
use the Whar ton EFA mode l to evaluate how the tin marke t woula 'have func tioned 
with and withou t a commodi ty agreement -- imp lici tly assuming speculative behavior 
would no t be affec ted by the change in regime . Bo th the CRU s tudy and the ar tic le 
by S chink and Smi th are typical of  a class the me thodological ba sis  of  which has 

· 

recently been que s tioned . As Luc as  ( 1976 )  has pointed ou t :  
"given tha t  the struc ture o f  an econome tric mode l  cons ists  
o f  op tima l deci sion rule s  o f  economic agents , and tha t  
op timal decision rules vary sys tematically wi th change s in 
the s truc ture of  serie s zelevant to the decision maker  , i t  
fol lows that  any change i n  s truc ture wi l l  sys tema tically 
alter the s truc ture of  econome tric models • • •  for i ssue s  
involving pol icy evaluation • • •  ( this conclus ion ) i s  funda­
mental , for it  imp lies that  of the e ffec t s  o f  
al terna tive rules  current macro-economic 
mode l s  are inva lid of  the o f  the se 
models over the or in ex-ante short term 

(my empha s i s )  
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2/ The: m.:.dd s o f  Se c tion II can be general ized as follows . Given any real 

I 1 1 o::: , c  t ..: u  equa tions de termine t and S 1  wh ere t is  the le ng th o f  time before 

the buffer s tock is de pleted and S is the total s tock when pegging is  

h ence Of speculators the new equilibrium satisfies  equation 
In t e pre s 

( Z )  above , bu t ( 1 )  i s  replaced by the zero-profit 
... 
condition P (S ) = 0 ( t) .  

I n  the case considered in the text , 0 (x) = P and P ( S ) = PA (S ) ,  the reduced 

fo r o f  the Ho telling model . In the case considered in the append ix ,  

0 (x)  = f
n

eʎx and ;(S )  = pB (S - G ;  G; a) , the reduced form o f  the 

S a l a :. t-Henderson model .  

B/ Speculat ive attacks are commonly thought to  r esult from mistaken bel ief s 

about future prices .  By a ssuming rational expectations , however , we have 

, emonstrated that biases in forecasting prices are not needed to explain 

if A genera l computerized version of  the model could be used firs t to analyze 
specific propo sals (be they bands , pegs , ceilings , or floors )  and la ter to fore­
cas t prices once a proposal is implemented .  An excellent s tart on such a model 
has been deve loped independently by Gardner [ 19 79 ]  o The merit  of the present 
analytical treabnent is  its ins ights into the proper tie s o f  such a model. 

11 I f  the commodity is a pure deple table , any buffer s tock used to enforce a 
ceiling on its  price (a band , for example ) will induce an attack o I f  the 
commod ity can be repleni she d s tochas tically, the probabili ty of an attack 
depend s on the parameters of the s ta bilization scheme . For example , i f  the 
band width is infini te (laissez- faire) no attack will occur , i f  its '  width 

i s  .zero (pegging) - ʋnd if  D(P)  ê E (H) 
any spe cific propo ʌal 
- -- an attack will occur wi th pro­

bability one . For a computerized version o f  the 
ʍdel would- permi t calculation o f  all probabili ties o f  interest  . 

extractors  sell their entire reserves initially is a conse­
the a ssumption that marginal extraction costs  are constant . 

f inding the imp lication unrealis tic , should consider the case 

6/  That 
quence of  
Reader s 
where margina l extraction cos ts are an increasing func tion of the 
rate of extrac tion . This  case also generates a speculative attack, 
but is not cons idered in the text because it is s light ly more compli cated . 

set where 

requires tha t 


pegging po licy of the government (I (x) ) from the res tric ted
0 (x )  < P and 0 '  (x)  < r0 ( x ) ,  equilibrium without speculatorsc 

r t
( 1 )  P ( s )  = min [0 (0 )e , P }. c 

and 

( 2 )  I - \tn (0 (x) ) dx = s . 
..)
x=O 

termina ted . 

" ' 


peculative attacks . 




speculator ' s  depends pr ice 
pectat ions period only" 

1 1/ po intwise 

I f  the government 
a t temp ted ƾto de fend a rea l  ƿrice  band , R(P , K, G) would be de fined as  

C ]  

if  the limi ts ǀre equal , the policy i s  identical to attempted pegging) .  
In the case o f  thi s policy , each price func tion in the sequence whose 
first  tenn is the zero function depend s on two variable s (K and G) . 

. 
princip le s developed in the text can s till  be applied . 
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9/ We are relying here on an intuitiv ely plausible character istic of the 
op timal policy for a compet it iv e  speculator proved rigorously by Kohn 
(197 8 ,  p .  1065) : " - the behavior on his ex­

for the next (his emphasis)  . That is  , a specu­
lator expec ting a capital loss in the next period , but expecting a capital 
gain thereaf ter wil l  never f ind it opt ima l to  hold stocks unt il the market 

rebounds . Whenever an immediate capital los s  is expected stocks should b e  

sold . I f  a capital gain i s  expec ted in the period af ter next , next period 


10/ laissez-fair e ,  the government 

coinc ide  wi th the vertical axi s (R(P) = 0 ,  for P � 0) . 

is the time to acquire stocks . 


If sales rule wou ld
the policy were 


fo llow s :  


R 0 i f  p > pu = 

Re: [ 0 ,  G ] 	 p = pu 
R G P (2 ' )= .e < p < pu 

R e: [  G ,  
 p = p.e 

R C 	 P < P ,= .e, 

where p and p deno te the upper and lower limi t s  o f  the band (P � P -­
u .eu
.e 

But the
Al ternatively , we know thi s sequence mus t  converge 

limit since it is an incr easing sequence of funct ions bounded from above . 
to a unique 


Fur thermore ,  the limit funct ion mu st be decreas ing and bound ed s inc e each ele­
ment in the sequence ha s these propert  ies . Cont inuity of the limit func t ion , 
however , does no t follow from c ontinu ity of  the elements of the sequence .  To 
establish it , we mu st f irst show that ea ch element is pi ecewise  different iabl e  
with a f ir s  t derivat ive which is bounded f or a ll n and 6-- a consequenc e of 
a s  suming the deriva tive of the underlying inverse demand curve is uniformly 
bounded .  By implication ,  the sequence g enerates an equ icont inuous set of 
func tions . The Arzela-Ascoli theorem may therefore be applied to  e stabl ish 
cont inuity of the limit func tion . 

1 2 /  	 Since P(Q)  i s  the fixed-point o f  the c ontrac tion opera tor T (  • )  i t  i s  
the only continuous ,  bounded ,  decre a sing func tion t o  sati s fy the fol lowing 
func tiona l conditions : 

K - [ D (P (Q ) )  + R(P(Q )  ) - G ] � 0 and 

P (Q )  ú SEP[K - [ D (P(Q ) )  + R (P (Q )  ) - G ]  + H + R(P(9) ) }  



P ( 8 ) źT (P (6 ) ) >TL (P ( 8 ) ) . 
P (8 )>H ( P ( 8 ) )  

�� 

i f  p > p 
p = p 

the case of c ertainty raises the market pEice above its laissez-fair e  level . 
we now prove that the same proposition holds f or the modŹl of  Section II I .  

Each price func tion i s  kinked where 

X = K and D-l (X + G - R) = SEP (K - X + H + R) 

To S ince > 0 ,  the loc o f  kinks in Figure VI a i s  downward sloping . 

show tha t  price func tions above the point wh ere the locus o f  kinks cu ts  
the vertical axis emanate wi th a po si tive slope , no te tha t  i f  R = 0 and 

G i s  reduced ( for a fixed K )  , X mus t  remain a t  K( ,.since ŊG \ = 0 ,  for 
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wi th complemen tary slackne s s  where 

0 

R ( P )  = e [ O ,  C ] if 

= c i f  p < P .  

13 / At the end of  Sect ion I I ,  the imposition o f  pegg ing inremarked thatwe 

The method of should ind icate ofproof the power and versatility the methodology
just  presented f or analyzing the consequences of government policies  . 

S inc e laissez-faire can be regarded a s  ano ther government policy , the equili­
brium pri-ce function f or laissez-fair e  (PJ, ( 6 )  ) can be deduc ed from. the procedur e  
in sub sec tion A.  .That is, g iven any cont inuou s ,  bounded decreasing price f unction 
in p er iod n, the price funct ion f or the previous period und er laissez-faire can 
be determined by f irs t  construc t ing the f ield (P (8 , R) ) of pr ice funct ions and 
then exam ining the l ocus of i t s  int ersect ions with the new pol icy rule , RT . (P)='l  . 
The price func t ion generated wil l  also be c ont inu ous  , bounded and decreasing . 
Denote by T1 ( · )  the rUie which generates the previou s price function from any 
g iv en price func t  i on under la is sez-f aire . By repeating the argument on p . l8 ,  
i t  can be verif ied tha t  T1 ( •  ) sat isf ies Blackwell ' s  suff  ic iency cond it ions and 
hence has a unique f ixed point . 

To prove tha t  P (8 ) >P (8  ) , apply T1 ( • )  repeatedly to  P (  8 )  t o  construct Tn (P  ( e )  ) .  1-
Thi s c an b e  done s inc e P ( 8 )  is  an element in the space on which T1 ( • )  is def ined . 
We f irst obs erve that P (6 )ŉT1 (P (6  ) ) ,  as  the f ol lowing argument indicates . If we 
appl ied T ( •  ) to P (  8 )  by c onstructing the f ield o f  price func t ions in f igure Va  
in c onj unc t ion with the interv ention rule R(P)  , we  would g enerate P (8 ) -- s ince 
it is  the f ixed point of T (  • )  . Bu t if we instead examine the l ocus of inter sections · 
of that same f ield o f  pr ice func t ions with the laissez-faire rule R1 (P) , the equ ili­
br ium price will be l ower whenev er the intervention pol icy would have r equir ed the 

city) , 

� 

or D - l  (Q - R) 

gov ernment to hold sto cks at the end of  the per iod (whenever R>O)  . 

u s  

Hence ,  
Since T ( • ) satisf ies Blackwell ' s  f irst  cond ition 6nonotoni­

f or any n .  In the limit , P (6)�P1 (6 )  -­

= SE P (H + R)  • 

?I 
X • K) . K ' R 



18/ I f  SEP (H) > P ,  we show P(Z) > P and hence A > Z .  

16/ In the final period , G(KN, GN, �) = �· Hence PN(QN ' �)
-1D (QN - �) or 

= p 

QN > Z + C .  

Z Z+C = - 1  
Hence SE PN (H) = 8 [  \ D-l (H) dF (H) + P \ dF (H) + \ D (H - C ) dF (H)} . 

'0 Z Z+C 

'Q/ To prove that P < SE PN(H) implie s tha t  P < SEP (H) , we show that  

P(Q)  > PN (Q) , where PN(Q)  = TO (Q) . Since PN(9 )  > 0 and T (  • )  satisfies - 2 ň1the f ir s t  Blackwe ll  condi ti on ,  T O (Q )  ê TO ( Q )  or  T 0 (9 )  ê Tn0 (9 )  ê 
n

T0 ( 9 )  . Hence , lim T O (Q )  = P(Q )  ê TO (Q)  = PN (Q ) .  
IHCD 

To show tha t  P(Z)  > P ,  
set K + G = Z and examine the condition :  
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In each case , R (P(Q)  ) is  incre asing and bounded above by C .  Fur thermore 15/
R(P(Q) )  = 0 for Q < A  while R (P (Q )  ) • 9· - Z when P(9) = P and X = K .  I n  (b)  
however , when Q = A,  X and R are inde termina te -- re s tricted on ly by the 
condi tions tha t :  X $  K,  R � 0 ,  and X +  G - R = z .  Hence 0 $  R S  A - Z ,  
depend ing  on X .  When X = K ,  R = A • z. 

= 

D-l  (X + G - R )  � SE P (K - X +  H + R) 

or D-1 (X + G - R) ù SEP (Z - G - X +  H + R) 

-1 or D (Y) � SEP(Z + H - Y) , where Y X +  G - R  . c 

I f  SE P (H) > P and bo th fUnc tions are decreasing , Y ê Z wi ll  no t 
sa ti sfy the condi tion. Hence , Y* < z .  This implies  tha t  P (Z) 

Since P (A)  = P and P(  • )  is decreas ing , A >  z .  

= C ,  and X + G - R = z,  it follows tha t  9 = Z + c .  

= n- 1 (Y*) > P. 

19/ S ince X = K, R 



r ange 

of NK in Figure VI exceeds p t or all R< C so that the off icial price can be  . 

defend ed only when 6=A . 

The c laim in the text is  valid wμ er there exists some of stocks 
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text)  where the locus 


function in F igure V (b )  

atλa cks are recurrent event 

20/ There is an exceptional . case  (not considκred in the 

In this c ircumstance ,  the flat section of the pr ice 
shr inks to a 

However , 

the c eiling (that i s ,  for all 8>A) 
s .  in thi s  limiting 


νnev
for which the ceiling can be def ended . 

point . It will be true even then that 

case speculators will 


be willing to hold stocks even when the market pr ice is only slightly below 
s ince the ceiling be  d ef end ed . can never 


21/ The argument is  made for H a di scre te random variable but can be 
�ended -for cases  where H i  s continuous . 6EP(9  + H - D ( P (9 )  ) )  can be 
re garded as the diξcounted , weigh ted sum of func tions of 9 .  Each 
func tion is  similar in shape to Figure Vlb bu t i s  horizontally displaced 
by H - D (  P (9 )  ) .  Consequen tly , each function s tric tly decre ase s when i ts 

va lue di ffers  from P and is  cons tant (or non-di ffe rentiable)  when i ts 

value equals  P .  By assump tion , the mean discounted price next pe riod 

e quals P .  Accordingly , at  lea s t  one func tion i s  the discounted we ighted 

average mus t  exceed P and the discounted me an price mus t  therefore be s tric tly 

decrea sing in 9 when its va lue equals  P. Reversing the argument , the 
discoun ted expec ted price func tion can have a zero deriva tive with re spect 
to 9 only when the func tion has height  S P .  

22/  By a classical  random walk is me an t any proce s s  of the form Xt+l = 
X + IJ, ,  where 11 is  i . i  . d .  11 can be either a discre te or a continuous t 
random variable . The extens ion of  the usual theorems for discrete R tates 
to the case of continuous s ta tes is due to Chung and Fuchs [ 1951 ]  . 

]]J In this  s ense a t  le a s t ,  speculators do s tabilize prices  . 



t ("': \D(fne 
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Jo 

.Since f ( t )  f e-n t arid n 
-nx

S ( t) = I - ) dx ,  
...,x=O 

the official p rice and the govednment reserves can be computed for 
each t .  As time e lapse s ,  both f and S decline monotonically from 

. (I , f  ) .  Hence df > O  . n 

25/ Formally , 

when df = 
or d S  

Idn f = 

dS 

-Tit (S i n c e  d f  = - fne nd t + tdn) , 

�,. = -!. . 
dn nf 

Hence d S  = t D (f e -nt ) +- - n 
. d n  n 

> 0 . From the previous foo tno te 

When in tegra ted by part s ,  

- F7 -

24/ = 

the s econd term reduces to 

XD (fne-nx) 

I
t 

+ 
�t D (fne -nx) dx • 

-n 
0 . 0 7T 

Thu s 
D (f  e-nx) dxdS = n > 0 ,  a s  was claimed . d,. t n 
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