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TOBIT AND PROBIT WITH AGGREGATE DATA

Limited dependent variable models have been applied with great
success to many economic analyses. Unfortunately, these models
have one drawback which has limited their wider applicability:
in general they can only be applied to disaggregated data. 1In
this paper we explore the aggregation problem in two limited de-
pendent variable models, Tobit and Probit. Our conclusion is
remarkably sanguine: we find that, if the explanatory variables
are themselves normally distributed, we can use mean aggregate

data in Tobit and Probit estimation.

I. Tobit
A. With Disaggregated Data

In the Tobit model the distribution of the dependent variable
is truncated. (The truncation may be envisioned as either an upper
or lower limit. Here we treat it as the former.) Consequently,
values of the dependent variable (yit) in excess of the trunca-

tion point (vit) are not observed. The model is characterized as
follows:

XieB + g5y <=2 Lie=1
(1) vy, =
Vi <=> I,,=0

where I:: is the switching condition (i.e. whether or not the upper

constraint Vi is binding) and is defined as:

<=> . . .
1 XieB T E5p < Vie
(2) Iit -

it it it
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The subscripts i and t represent individual i at time t. Xit is

a vector of explanatory variables, with B the vector of corres-

ponding parameters, and €5

is a disturbance term, €,, ~ N(0,c?).

t it
Equations (1) and (2) can be combined to form a single expression

for Yigr from which its expectation can then be derived.

(3)  yie = T3 (KB +oege) + (A-I )vyy
= Vie P L XieB Vi) F T8y
: v., -X..B v., -X. B
= - it "1t _ it 1t
(4)  Elyje) = Vvip ¥ (XyyBovy ) Fl—F—) - o f(—F—)

where f(°*) is the standard normal density function and F(°) is
the normal cumulative distribution function. The parameter B8 and

the standard error ¢ can be estimated from equation (5):

(5) min

2
g o E 1{ lyse = Ely;o)!

B. With Mean Aggregate Data

Suppose, however, that only mean data are available. That is,
£ and vy (each of which is the mean,
at time t, of individuals i). Under what circumstances can we

we have observations on Yo X

estimate B and o from the mean analogs of equations (4) and (5)

(the same equations without the subscript i)?



——3--

(6) E(Y,) = &I E(r;y)

..-X._B v.,-X._B
1 - Vit it o 1t it
ve * gl (XgeBvy) F(—= ) -5l fl—= )

(V -X_B v, -X
+ (X B-v,) F(—1) - o £(-11

v

t
if (XitB-vit) = (XtB-vt), i=1,...,n

In general, if Tobit analysis is to be applied to mean data

to estimate B and ¢, then each of the individuals at time t must

face:
(i) identical values for the explanatory variables (Xit = Xt)
(ii) identical truncation points (vit = Vt)

Actually, despite the formidable conclusion we have just
reached, it turns out that Tobit analysis can still be applied
to aggregate data even when individuals are not essentially

identical. That is, if the Xi and Vig are normally distributed

t t

we can still estimate the parameter vector B, but not the stan-

dard error o.

Let
Xi¢B = X B+ 854
Vie T Ve T nie -

where Git and ny are normal with zero mean. The model of equa-

t

tions (1) and (2) can be rewritten as:

X Bt e, 8 <=> ;g =1

Ve TNt it =



=> . + . < + .
1 < XtB + el 8 v nl

t it t t

(8) ¢ ©

= . . >
0 <=> X B+ e J > v

t it £t it

As before, these equations can be combined to solve for Yigt

(9) Yie = Tip (XeB + €5 + 05) + (1-I;0) (v +nyp)

= vy + L (XB - v+ LY YN

where

Yit it it - Nit

and therefore

2
Yit ~ N(OIT )

As in equation (4) we can take the expectation of Yig (noting that
E(nit)=0) and obtain:

v,-X 8 Ve X, B

Finally, since E(yit) has the same value for all i:
(11)  E(y.) = Elyy,)

Consequently, we can still use Tobit to estimate B even if we

only have observations on the means Yo Xt and V- However, the
2

variance estimated, T°, is that of the composite term Yit!

2 _
(12) T = var(yit)
= var(eit + Git - nit)
= var e;, + var dit + var Nt + 2cov(eit,5it)
_ 2cov(eit,nit) - 2cov(Git,nit)
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Presumably, ¢ will be independent of either ait or mn,. . in

it
which case:

(13) T2 = var €54 * var sit + var n;, - 2cov(6it,nit)

Furthermore, it is quite possible that either éit or n;. will have
zero variance. For example, each individual faces the same trun-

cation point. Then

2 _
(14) T° = var €, + var Gi

t t

And, of course, if both Git and NS¢ have zero variance, then

)

2 __ 2 -
(15) ¢ = 0o (=var € ¢

One should note that in order to estimate B it is necessary that
T be constant over time (or at least that T be a known function of
time). This in turn implies that the various constituents of T,
itemized in equation (12), themselves be constant (or well known
functions of time).
C. Applications

Maddala and Nelson (1975) investigate the problem of Tobit
analysis with aggregate data in the context of bank interest rates.
The upper bound on permissable interest rates is set by Regulation Q.
The pattern of interest rates inthe absence of this regulation
could be inferred by Tobit analysis if disaggregated data on in-
dividual banks were available. Maddala and Nelson show that if only
data on mean iq;erest rates (unweighted by the varying size of
deposits at different banks) are available, then Tobit can still

be used to estimate B and o. In essence, the restrictions they
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impose are that all banks face identical values of the explanatory
variables (Xit=xt) and truncation points (Vit=vt)'

Johnson (1982) encounters the aggregation problem in es-
timating crop yields. Sales of the crop are limited by a quota,
which suggests the application of Tobit. However, the observations
are only on aggregate data: sales (s), area cultivated (a), and
quotas (g). Is Tobit appropriate?

If we denote mean yields by u, we have the following model

of observed yields:

+n; <=> + n., < V.

Hit

t Hit it it
Vit <=> Hig TN 2 Vit
where
Yie T S1¢/%5¢
V., =

it = 9i¢734¢

While mean yields u;, may vary from farm to farm, it is reasonable
to assume that they are normally distributed about the group mean
My- As for the truncation point Vit

that all growers should face the same constraint. However, it turns

it is not immediately apparent

out that if all the quotas are assigned efficiently (by which it
is meant that all growers produce the last unit at the same mar-
ginal cost) then the Vi

for errors in calculating and assigning quotas efficiently implies

will be identical, at time t. Allowing
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variance in the Vigr but again it is reasonable to assume that
such error is distributed normally. Consequently, the Tobit model
described in equation (7) is appropriate.

II. Probit

The same conclusions extend also to the Probit model. This
model is similar to Tobit, except that now we are concerned only

with the expectation of Ii As before

.-

1 <=> Xi¢B + E5p < Vip
(16) Iit =

0 <=2 XipB €54 2 Vig
(17) E(Iit) = Pr{eit < Vig T xitB}

V.,~X..B
t
= F( 1 ~ it )

If observations are only available on the means X, and v

£ y and

Xigh = XeB + 03¢
Vie T Ve T Nig
then Iit can be written as in equation (8) and
(18) E(Iit) = Pr{eit + Git =Ny < Ve - XtB}
v,-X,B
_ t 't
= F(——;———ﬁ
and

(19) E(I,) = E(I;.)
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Note that while Ii can only take on values of 0 or 1, I

t t

can fall anywhere on the interval (0,1l). Furthermore, by the
Central Limit Theorem the means It are asymplotically normal if

the Ii are independent and identically distributed (i.e.

t

B - v = XtB = Vs for all i at time t). This attribute

Xit it
has led to the use of mean data when the underlying distribution
is not known. A prime example is the analysis of pesticide
dosages on insect mortality, when all the insects are assumed

to be drawn from the same population. The implication of equa-
tion (18) is that it is not necessary that the insects all be
drawn from the same population: rather, it is sufficient that
the distribution of insects from each population be normal, and

that this distribution be stable over time.

III. Summary

Tobit and Probit models are formulated for observations
on individuals. If the data consist only of observations on the
mean, then in general neither Tobit nor Probit is appropriate
except in the unusual event that each of the individuals has
identical characteristics. However, if these characteristics
differ from individual to individual, but the pattern of these
characteristics is itself normal, then Tobit and Probit methods
can be employed to estimate the mean (XtB) but not the variance

(c?).
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