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Es timating Exp ec ted Losses in Auto I n  surance 


Int rodu ction 


The prediction from e conomic models of competitive markets 

with full information is that the price of a commodity will be 

equa l to the marginal cost of providing t hat commodity. In 

insur ance markets this would be translated as th e price of insur-

ing any r isk would equa l the expected loss of that risk p lu s  a 

loading for transaction costs. Howe ver, actual insurance markets 

d o  not hav e  ful l information an d the expe cted va lu e  of the l oss 

from insuring a par ticular risk is not kn own wi th certainty. In 

this situation, competiti ve pricing of any r isk be comes m ore 

complicated and in particular would require some statistical 

e stimation and decision theory. 

The risk assessm ent process for automobile insurance is 

generally based on the prior l osses of individuals of the popu­

lation of insureds. Characteristic such as garage location of 

c ar, age, sex, etc., are collected and used to spe cify a risk 

cl ass. After adjustmen ts for trend and l oss developmen t have 

b een made, the mean of past losses from a risK class is an 

estimate of expected future loss e s for individuals with similar 

. . 1 
charac ter 1st1cs 1 Ignoring the procedure for best choos ing 

se e •Th e Role of .Risk Classifi cations in Property a nd 

Casualty Insurance" [11] for a full discussion of the actuarial 

p ricing p roced ures. 'D1 is report is sub sequently ref err ed to as 

the SRI report. 
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basicthe characteris tic s which define a risk c lass, this 

statistical appr oach is consistent with ay economic intuition of 

tne outccae of a pr ofit seeking insurance industry. 

Actual cel l means, however, are not always used as the 

estimate of expected los s since soae cells d on •t have enough 

observations to generate •c redible• estimates. When this is the 

case, certain adju stment s are made t o  the pa rticular cell mean. 

The optimal adjustments required depend on the model believed to 

genera te the cell observations and its r elationship to other 

available information. A statistical theory cal led credibi lity 

t heory has been develo ped which de rives the neces sary a djustment s 

2 
fo r pa rticula r mo dels. Actual insurance practice uses some 

of t hese a dj ustment s in forming t heir estimates of expected 

los ses, but it appears that the in surance indust ry doesn't use 

many of the sophisticated methods of statistical analysis. 

Necen tly Chang and Fairly [2] criticized the traditional 

estimation proced ur e used in automobile insur an ce rate making. 

They pr oposed the use of an additive leas t-squares model with n o  

interact ions ove r th e traditional mul tiplicativ e meth od. 

Additionally, the Mas sachusetts insurance commissioner required 

the use of this method to generate the appr op riate values of 

price differentials in the state of Massach use tts. The analysis 

2 
Jewell [5) surveys the results of credibility th eory and 

rel ates them to general statistical theory. The papers of a 

conference on credibility theory appear in Kah n [6). 



of Chang and Fai½ley indicated that the least-squares procedure 

was statistically bette¼ than the traditional metho d for the 

situation analyzed. 

Economic theory would suggest that in a competitive 

env ironment, innovative and profit seeking firms would have found 

and e liminated the bias described by Chang and Fairley, a lthough 

the insurance commissioner in Massachusetts sugyested tnat it 

might never have been co½rected without regulato½y encouragement. 

It is ha½d to dispute eithe½ position and it may be that both 

positions are correct. One would expect that the most successful 

insurance companies would be the ones which use d the most accur­

ate e stimatio n methods, but it may taKe a long time to reveal the 

bes t  method and innovation may be accelerated by r egul atory 

encouragement. 

The Massachusetts results, however, will not end the debate 

about the appropriate model to use. The additive model is not 

theoretic al ly superior to the mul tip licative model and other 

evidence indicates the superio½ performance of th e multip licative 

3
m ode l in certain situations. This pape½, therefore, 

presents some further analysis of th e multiplicative model. It 

i s  suggested that even within the multiplicative fr am ework that 

insurance com panies have historic ally operated, the traditional 

e stim ating procedures yield some of the same oiases fo und by 

See the discussion st arting on page 76 of Automobile 

Insurance Affordab1lity [l]. 
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Chang and Fairley. The traditional estimatĖng procedures over­

charge individuals in the higher rated territories and classes 

and unde rch arge those in lower rated territories and classes. 

Model Sp ecification 

The two-way layout is the conceptual framework for the 

analysis. There are I l evels of a factor A (t erritory) and J 

levels of a factor B (class pla n} which classify all losses into 

an IXJ t able. Th e parameters of interest are the cell means , 

i. e. , the average loss for the ith territory and jth class com­

bination, denoted by Nij• In tne classical analysis of vari­

ance, the cell means are not estimated directly but are factored 

into additive effects (row and column) which are specific to the 

ithlevels of A an d B plus an interaction effect of the level 

J 
·thof A wi th the l eve l of B. However, this factorization has 

imposed no res trictions on the original cell means and is not the 

only natural way to factor the original cell means. A multi­

plicative factorization with an intuitive interpretation ca n 

r epresent the cell me ans just as well as the additive form. 

Using the n otation of Scheffe [1 0] ' the classical analysis 

of varian ce rep re sents the cell means by 

. =( 1 ) N· 
1) Ɏ + '\ + Ħ + "Yij 

where 

I J I J 
"' =r; Oi 1 Vj i. Yij = L Yij = 0 

i=l j=l i=l j=l 
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Th e parameter ä is the ge neral meanr is the main ef fect ofai 

the itb level of Ar 6j is the main effect of the jth level of 

Br and Yij i s  the interaction of the ith level of A and the jth 

level of s.4 In term s of the cell mean sr the parameters are 

defined as 

(2 ) j.l = l: l. 

i j 


= l. Nij/J - N•• = Ni•- N •• ai 
j 

Ěj = l. Nij/I- N •• = N. j- N •• 

i 


= Ni• - + N •• Yij Nij- N. j 

A natural multiplicative factoriza tion of the cell means Nij 

(a s suming Nij > 0), might be 

( 3} N·· = lHl" y·�)· 

where 

I J 
1. " "  1 = I E p . = JJi=l j=l 


I J 

=l. u l· 't ij = I I: Pj yij J 


i=l i=l 


This formulation defines t he parame ters by 

4 
As de fined by equations ( 2), the ge ne ral me an is tne 

average o ver rows or columns, main effects are defined as the 

exc ess of the mean for the ith (jt h) level ov er the ge neral me an, 

and interact ions are the remaining ex cess from the specific cell 

m e an. See Sch ef fe il 0]. 
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hij/+J N •• =( 4 ) ã h i 
i j 

= = a· Nij/JN•• Ni./N •• 1 
J 

= =ɍ- l Nij/IN • N.j/N •J • • 

i 

=Yij N•• Nij/Ni• N.j 

The parameters in {4) can be given interpretat ions similar to 

t hose in (2) by t alking about the excess of the mean for the 

ith level relative to the general me an etc. In the language of 

the insurance in du stry the would be t he territorial ui 

rela tivi ti es and the would b e  the class re la tivi ti es. Pj 

The formul at ions in (1) an d (3 ) ar e both equ ally general as 

either can represent an y possible values for the cell means 

Nij• And p articul arly i n  an ins urance context where the cell 
5 

means themselves are the interesting paramet ers, t here is no 

reason to use or prefe r ei ther formu l ation. If suff icient dat a 

were ava ilable to estimate e ach cell mean separatel y, there would 

b e  no reason to estima te either the additive or the multi plic a­

tive factor ization. The cell means themselve s would provide all 

inf orma tion of i nteres t to th e insurance com pany. However, 

5 
There is d e bate about whether means are the only inter-

esting param eters from a so cial point of view, Ferreira [3]. But 

comp etitive pricing would lead to the use of cell means as th e 

c ost ba sis for price. 
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s ufficient data is generally n ot a vailable to give prec ise esti­

mates of all cell means. Estimates of some cell means are sub­

ject to su ff ic ient sampling variabi lit¥ that they are not c on­

sidered credible to u se as the basis of insurance prici ng. 

The lack of sufficient observations to use in estimating 

cell means, however, is not peculiar to an insur ance context. 

Mo st ap plic at ions of the an alysis of vari ance have tnis problem 

and it is one reason a factorization scheme has value. With 

e ither a multip lica tive (equation 3 ) or an a dditive (equation 1) 

par amaterization (and a ssuming some of the p arameters such as the 

interact ion terms a re ze ro) one c an use inform ation from all 

cells to obtain estimates of any particular cell mea n. It is at 

t he point where some parameters are speci fied a priori that 

choosing between formulations (1) and (3) becomes import ant. But 

thi s  choice is an emp irica l ques tion which c ould be resol ve d  with 

the proper data. 

Consider the ty pica l ad di tive model or the model with no 

interaction 

u( 5 )  Nij = å + +i Pj 

This assumed structure has im posed certain restrictions on the 

r e  lationship between cell means, but it does not eliminate the 

model (3} as being the true model or representation of the cell 

means. The factorization in (3) is perfectly general in 

representing any IJ numbers (since ( 3 )  imposes no restr ictions on 

the Nij) and can repr esent the model in { 5 )  for any va lues×, 

" i, and Pj• Using ( 3) to descrioe the structure ( 5) is not a 

-7-
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pa/si0onous parameter s out it is still theoretically 

correct. What would be a specification error would be t o  use the 

s tructure 

(6) Nij = ɋɌ Ôj 

t o  represent the structure (5). It woul d also be a speci fication 

error if one tried to represent the model (6) by the model (5) 

b ecause a di fferent set of restrict ion s a re imposed by (6) than 

are imposed by (5). 

Looked at from this perspective, t he focus of a ch oice of 

model to use in estimating expected losses should not be 

r estricted to a choic e between the model (5) the model (6). 

use of 

Either formulation could be correct b ut it also possible that 

b oth speci fications are incorrect and a fac torizati on other than 

( 5 )  or (6) would be the correct model. The maintained hypothesis 

or the most general hypothesis should be the Nij t hemSelves. 

The choice objective sho uld be to find a factorization of the 

Nij which is more parsimonious in its use of parame ters than is 

the use of the fu ll IJ parameters emb odied in the Nij• 

The estimation a nd testing of model {5) rela tiv e to {1) has 

been exte nsively developed. Since this is not true for the model 

{6), the next section will di scuss its estimation. 

E s timat ion 

The stochas tic structure of the da ta em bodied in the multi-

p licative model must be the same as in the classical ana lysis of 

variance since the only difference is in the factorization of the 

a nd 

is 
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cell mew,s into primitive compo nents. The observed loss for the 

kth exposure in the ith ter ritory and jth class combination is 

therefore represented by 

= +(7) Yijk Nij Eijk 

where the EijK are random variables with mean zer o (as a con­

sequence of defining Nij to be the true cell mean). If dis­

t ributional assumptions are added to the stru cture (7), compari­

sons between alternative estimators could be m ade. However, for 

a 	 broad class of assumptions, least-squa res estimators have 

6desirable properties and are the estim ators presented i n  

this paper. 

The least-squares estimates minimize 

K·.I J 1)
(8) ;. E i: {Y .. k - N .. ) l 1) 1)

i=l j=l k=l 

where Kij is the number of exposures in the ith territory and 

jth class combi nation. The values of â, ĭi, and Įj which 

minimize expression (8) given the actual losses Yijkr are the 

parameter values which satis fy the first order conditions for 

minimization. The first order conditions (the derivatives of 

exp ression ( 8) s et equa 1 to zero) subje ct to the speci fication 

(6} are 

6 See Malinvaud [7], chapter 9, for the properties of th e 

le ast-s quares es timators. 
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(Yijk 

(Yijk 

J 
( 9) r 

j=1 

K ·  .ɊJ 
l. (Y ij.K

k=l 
- = '-'Úi tij) "''"'j 0 

K·. 
I 1.).

(10) 	 r l. -
 l.l0iPj) Ûu.i = 0 
i=l k=1 

K·1) 
. 

- j.IQ• p .  ) (l• " .  1 J 1 	 J(11) l; };
j k=1 
l = 0 

i 


From 

expressions 

the constra ints on' the parameters, we can by summing 

( 9 )  and {10) obtain 

Kij 

i l. Yijk Pj
j k=l 

'L 
K·. f;;· 1) J 

I 
= 	 J..(12) i-ii I.I(ģ}I = 

i=l 

j 

I Kij
L I. y. .l J.IC c.·1 

(13) w = IJ(=)J = i. 
j 	

i=l k=l 
I L 
'- Kijai 

i=l 

After making tne obvious substitutions we obtain 

K·.l)
( 14} 	 l. L YijkP j = a ·l >(Pj) i. Kij Pj l 

j k=l j 

K·. 

K· ·a· l(15) r 
1) 

Y i jkai = p· iJ ( ui) l) 1Ji k=l 	 i 

The expressi ons (14) and (15) s uggest an iterative procedure 

to obt ain the va lues of ui' Pj, and iJ which min imize (8). 

For given values of Pj, we get values for u.i from expr ession 

(14), and for given values of u.i expression (15) provides 

values for the Ĥj• My experience is that these can be iterated 

until mutually consistent values are obtained for the andai 

-10-



âi, Ģj, 

defined in terms 

The l•ast-

Ce rta1n comparisons shou ld oe made between the 

and ll defined by (11), (14) and (15), a nd those 

of ct.he unde rlying pop ulation means given in (4). 

squares parameter estimates are not the sample equivalents of the 

pop ulation means given in (4) . Even in the case of a balanced 

design (equal observations per cell) where the sample equivalents 

are eas1.ly determined, tne orthogonali ty properties of the linear 

model are not preserved by th e mult iplicative model. The i mport-

ance of this is that the marginal distribution or the row sums 

and column sums are not sutficient to estimate the paramete r 

values. The parameters have to be jointly estimated, and the 

first order conditions are not equivalent to the traditional 

p roced ures. These claims can be demonstrated by a nalyzing 

equation s (9), (10) and (11), bu t a simple example is easier to 

follow . 

Suppose we observe the cell mean s given in Table I ,  where 

there are K obs erv ations per cãll. The predicted values and the 

parameter estimates for model s (5} and (6) are as given. Usin g 

s ample equivalents of (4) would yield the same predicted value 

for the multiplicat1.ve model as tne linear model predict s. The 

l l1
sample equiv alents ar e 1.1 = 5.0 <q = .B, u2 = 1.2, 

1 l 
"'1 = 1, P 2 = 1, but these cannot be tne m1nimiz ing para-

meter values as can be seen from the minimizing mu ltip licative 

estimates in Table I. 

. 1-..L..�.-

http:multiplicat1.ve


; 1 r' 

� 

The sa mple eguivaltnts 

f 

would also be the for this examp le  

r e lati vit y estimates o btained from the tradi tional estimating 

techn ique. The traditional metho d  begins with a given set of 

class relativitie s ħj' and estima tes territory rela tivities by 

(16) C&· = 

k=l 

wher e á is the stat ewi de av erag e los s. Then the class 

relativities would depend on the territor y relativities and be 

estima ted by 

j 

i.. K· . l:i· à�J J 
K· . 

r l]i.. y . .  l)K 

(17) 

Th e SRI report claims that iterating (16) and (17) until a stable 

set of relativities is theoretically preferred, but m ost times a 

o ne-pa ss computatio n is d eemed s at isfactÕ y . 

Table 1 ap prox imately here. 

-12-
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• 

--

"' = 5 

. 
.._ 

TABLE l 

Act ual Means 

2 6 

8 

-' 
I 4 

Linear Estima te 


4 4 
l 

- .-
6 6 "J. = -1 

u2 = 1 

Resi dual sum of squares = l6K 

Mult ipl icat ive Estimate 

ß = 4.960 
u 1 = • 764 
U ;t  = 1.2 36 

Resid ual sum of squares = l5.280K 
Sum of residuals = .l61K 

4 .130 

6.68 2  

_j
I 

3 . 4 48 

-
5.579 

1.090 
.910 
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In ge neral, the trad itional method would not result in 

estimates which would be normalized as in the previous section, 

but this doesn't affecÙ the predi ct ed los s costs. The impo rtant 

point is that the marginal conditions 9-11 are not equivalent to 

having the predi cted row and column sums equa l the ac tual row and 

co lumn sums. 

Cl a ssic al tes ts of hypothe sis are best sui ted for situ atio ns 


where one is trying to choose between a general model and a 

specific model which is nested in the more general mo del. Or in 

the framework here, clasical tests of hypothesis are be st 

d es igned to disting uish between th e models (5} a nd (1) or to 

distinguish between the models (6 ) and (3). Although there is 

some statistic al theory to provide guida nce in comparing the 

model (5} with th e model (6 ), there is no unique best pro­

7
c edure. The approp riate procedure to u se depends on the 

final use to be made of the model, the prior information that is 

a vail a  ble, the cost of ma king a wrong decision, etc. The impo rt­

ant point is that rational individual s could still disagree about 

the speci fication of a model after having anal yzed the same data. 

Ho wever, on e would expect to see some divergence of opin ion, and 

the use of alternativ e mode ls within th e insurance i ndustry if 

the evidence was not overwhelmingly supportive of a particular 

model. 

7 
Ra msey [ 9] and Gav er and Ge isel [4) s urve y many of the 

proposed test procedures. 

-14 -



of K 

squ ares 

Classical procedures can be used to test the hypottws is of 

no interactions in either the multiplicative or the ad ditiv e 

f ramework. Ex act tests of hypothesis are not available for the 

multiplicative mode l, but i f  we u se the approx imate test from 

linear le ast-squares theory , (compare the percenta g e  change i n  

re sid ual sum of squares to a n  F dis tribution), there is a value 

tha t would le ad one to reject bo th the additiv e least-

mode l  (5} and the multiplic at i ve specif ication (6). For 

some v alu e of K, we would conclud e that the spe cification ( 1 }  or 

(3 ) must be the correct model for th i s  data set. How e ve r ,  the 

b ala nced de s ign is not th e d ata ava ilable in an insur ance con­

text, and the test that all inter act ions are s imultaneously zero 

is not necessar ily the interes ting or us e ful hypothesis ?o test. 

The interesting question to answer i s  how to estimate the 

e xp ected losses in those cells w i  th "f ew• observa tions when we 

cannot be comfortable with the hypothesis that the re a re no i n  ter­

a ct ions. Statis tical methods cannot b e  the only gu idanc e o r  

procedures used to ans wer th is questio n. The log ical conclus ion 

f rom reje cting the hypo th esis of no interaction is that the 

res tr i  ction s embod ied i n  (5) o r  (6) are incon s i  stent with the 

o bs erved da ta and ei tile r more c ompl icated restr ict ion s a re appr­

pr iate or the cell means thems elves are the cor rect par ameteriza­

tion. 'Ihe use of a single data s et to id entify mor e  complic ated 

restrictions i s  inappropriate (as mo st statist ical texts point 

out) and if pr oces sed simultaneously by d i f  ferent res earchers , 

-15-
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likely to lead to conf licting conclu sions. The n ext 

considers thi s  problem more caref ul ly usi ng actual 

section 

l oss data. 

observed 

Massachusetts Loss Data 

Ta ble 2 and 3 f rom Chang and Fairley represents 

avera ge losses f or a modified Massachusetts classification pla n. 

Ta ble 4 and 5 c on tai n t he cor respond i  ng exp osure figures. Ch ang 

and Fairly in their analysis concluded that the ad ditive least­

square s model gave a better f i  t to the data than the tradit i onal 

multi pl i cat ive model. My analys is also confirmed that th e 

a dditive le ast -squares model f i  t the data better than a multi ­

plicative model wh i ch was e st i  mated by least-squa res. However , 

the lack o f  f it wa s suf ficiently g reat that one would pred ict i n  

competitive i nsurance mar kets , all f irms would not use these 

e stima tes as expected loss costs. 

Tables 2, 3, 4, and 5 approximately h ere. 

Cell means were the availa ble observation s which preclude 

exact tests of the models (5} and (6) with the full cell means 

p aramet eriza ti on ,  b ut th e result s o f  the analysis are st i ll 

inte resting. Table 6 presents the chan ge in th e resi dual sum of 

squares when th e addi tiv e and mult i plicati ve re str ict ion s are 

imposed on the data. I f  the within cell variance is 1,0 0 0,0 0 0  or 

more fo r the colli sion exp er i  ence and t he wi th i n  cell va riance is 

4 0  0,00 0  or more for the combi ned compu lsory exper i ence , th e 

add i t  i ve le ast-squares mo del with no interactions is consi sten t 

with the data at a 5 percent level of s i  gnif icance. The mult i ­

plicati ve mode l without interact i ons is cons i stent with the data 

-16-
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59 .77 
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'Dible 2 

<.bserved Claims Aloounts by 'l'erritory and Driver Class 
canbined Coopulsory Coverages 

1975 Massachusetts Private Passen:Jer AUto 
(D:>llars) 'Þ 

Ur:i ver Class 

{1) ( 2) (3) (4) {5) (6) (7 ) Territorial 
Weighted 

Average
Territory 15 10&1 2 30&31 24&26 50 20&40 22&42 

1 25.05 26.28 44.03 40.97 48 .35 65.48 12i.45 35.40 
2 18 .1 5 25.66 30.70 50.94 32.89 60.43 97.65 
3 30.63 30.92 40.19 54.69 66.24 79.50 11 4.12 41.68 
4 28.93 30.48 37.8b 52.5 5 48.02 72.92 117.69 40.01 
5 27 .Bl 35.11 42.00 52.98 63 .51 94.35 126.56 45.0b 
6 29.41 36.15 4b.43 57.40 75.56 81.20 143.75 47.26
7 36.28 39 .50 42.50 60.49 71.35 86.67 15 6.11 51.31 
8 34.59 40.61 53.41 60.31 81.41 93.19 ll3.87 51 .71 
9 40.62 42.77 67.34 60.91 64.62 93.87 162 .96 55.1 3 

10 43.71 48.77 59.30 71.54 75.35 103.53 15 2 . 65 
11 37.03 42.19 63.93 49.61 64.26 111 .02 129.92 52.75 
12 33.56 49.70 58.82 82.28 63.69 112 .90 127 .49 58.56 

13 47.12 49.67 99.76 82.52 101.06 108.W8 158.01 65 .11 

14 70.69 55.64 58..51 77.90 126.98 116.72 1 60 .38 69 .0 7 

15 38.68 69.74 76.87 82.08 103.33 116.55 162.71 75.98 


Driver Class 
Wei ghted 

e..,._.,;,_·fg"'l'7
Average 32.95 38.87 47.91 58.91 70.40 89.06 134.20 49 .24 

Note: 	 Entries in the tx:rly of the Table (cells) are cell total claims divided by cell total expcsures. 
weighted averages are weighted by exposures. SOurces of cla im and exposure data by territoey am 
driver class: Massachusetts Autooobile Rating am l\ccident Prevention Bure au, PI:SRP330 of 
CXtober 26, 1976 and U>UM50 ot CCtd:ler 28, 1976. 
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(5) (6) 

43.90 

33.39 

53 .84 
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Table 3 

Chserved C laims Ano.Jnts by Territory aoo lXiver Class 
Oollis^n $200 Deductible 

1974-7 5 Massachusetts Private Passenger Auto 
(Jl>llars) '· 

Dr:i ver Class I ... 
·' 

(3) 
 (4)(1) (2) 
 •j(7) Territorial 
.. 

:: i(I ' 

Weighted 
Average

Territory 15 10&12 30&31 24&2b 50 20&40 2 2&42 

1 22.82 39. 59 60.18 72.00 84 .88 118.72 19 8 .  62 50.66 
2 23.44 38.7 3 60.32 69 .84 73 .38 83 .38 165.38 48 .84 '3 29.15 65.50 73 .11 8b.l6 105.03 190.58 56.46 l;J
4 29 .49 47.88 73.00 80 .3 4 91.49 108.91 213.63 60 .89 
5 32.37 52.44 7 6.07 83.98 101.93 117.61 228.91 66.59 
6 32.89 56.14 82.24 92 . 28 110.12 123.62 239.09 71.02 
7 61.82 88.49 94.36 127.66 13t:;.98 243.46 76.84 

1 34.93 236 .38 80 .26 8 39.2 1 6!>.50 98.65 92.52 116. 81 
9 43.33 7 6.51 99.86 100.89 138.71 152.20 29 0.11 91 .75 

10 39.49 71.8 8 102.19 100.84 1 29 .7 2 139.3 5 2 56.9 0 85 .28 
7 8.35 ll3. 71 111.55 138 .70 168 . 02 2 67 . 16 94.8411 

12 
13 
14 
15 

37 .69 
47.27 
49.70 
62.55 

116 .  69 168 .77 165.7 8 274 .93 101.43 90.34 108.65 
122 . 04 174.47 171.28 2 67 .2 1 108 .3493.15 13 2.89 

400 . 62 129 .99 110.36 137 .42 138.07 201.88 201.7 5 

82.60 
324 .77 201.24 349 .37 153 .1U 146.94 125.18 155.56 

2 62 .9 5 433 .4 6 182.48 16 171.43 187.63 183.89 305.55 
17 
18 

48.80 
48.00 

89.71 
97.09 

154.04 
113.34 

12 1 .77 
142 .83 

133 .57 
206 .8 1 

17 8 .65 
182 .37 

254.95 
3 18 .55 

102 .38 
111.54 

[t-tver Class 
Weighted 

Average 35.51 62.74 87.47 92 .3 6 119.04 131.91 23 6.08 76 .28 

..,r -, .. 

Note: fl'ltries in the body of the Table (cells) are cell total claims divided by cel l total exposures. 
Weighted averages are weighted by exposures. l:blrces of claim arXI expo3ure data by tarritory and 
driver class: Massachusetts Automobile R':\ting aoo Accident Prevention Bu�:eau I PU)J{P330 of 
tl('toɈr 26, 19?(;. .:;nd ICL"71SC v.C 2u, lɆlb. ' 
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'J.able 4 

Joint Distribution of Exposures by Territory and Driver Class 
Canbi ned carpulsory 1975 Massadlusetts Private Passen÷r Auto 

(Car Years) 

Driver Class 

'lerritorial 
Territory 15 10&12 30&31 24&26 50 20&40 :l2&41 Total 

1 6,967 44,738 3, 30Y s, 781 1,HH 1,638 4,107 67,721 
2 6,103 50,974 3,682 Ɂ,,329 1,457 2,:.!25 4,7 92 76,562 
3 171744 192,369 13,624 28,210 6,584 8,531 19,738 286, 800 
4 14,076 157,357 13,939 22,038 4,324 7,485 14,448 233,667 
5 19,552 217,426 19,293 31,470 6 , 721 10,075 20, 688 325,225 
6 27,858 195,661 16,408 28,287 6,227 9,145 17,8 83 2 91,469 
7 17,485 201,263 16 , 704 30,501 6,561 9,578 19,427 301,519 

I 8 22,417 . 233,416 21,719 36,338 7,903 12,395 22,bl8 357,006 .....
"' 9 5,284 49,283 3,6!:12 7,810 2 ,00 7 2,3 15 4,499 74,890I 10 13,375 110,071 9,150 15,954 4,282 5,840 9,894 168,566 

11 2,733 27,629 1,821 4,341 909 1,632 2,877 41, 942 
12 2,036 24,837 1,716 2,791 699 969 2 ,149 35,197 
13 1,323 16,718 666 2,310 645 1,751 24, 157 
14 1,350 16,0 91 838 2,290 562 904 1,394 23,429 

8,209 91,947 5,3 05 9,9 95 2,65 6 3,857 6,734 128,7 03 

2,436,853 

' c 'P 

IKi ver Class 
Total 156,512 1,629,780 131,866 235,445 52,718 77,333 153, 199 
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Table 5 

Joint Distribution of Exposures by ɐ'erritory aoo Dl:'iver Class 
Collision ($200 ɑctible Basis) 

1974-75 Massachusetts Pr ivate Passenger Auto 
(Car Years) 

Driver Class 

'Ierritorial 
Territory 15 l0&1L 30&31 24&26 50 20&40 22&41 'lbtal 

1 6,492 46,647 4,010 5,922 1,072 1,558 2,636 6ij,3J7 
2 6,112 56,91:l6 4,728 8,146 1,492 2,307 3,361 03,132 
3 17 , 510 219,788 17,308 32,096 6,825 9,269 14,126 316,922 
4 14,394 182,941 17,918 25,404 4,545 8,193 10,4.09 263,804 
5 20,416 256,638 24,601 37,692 7,229 11,537 15 ,866 373,979 
6 18,644 232,596 211 7U2 34,802 6, 791 10,539 14,0511 339 ,165 
7 18,598 246,306 21,168 37,852 7,226 11,114 15,236 357 ,500 
8 23,490 281,512 30,634 44,730 8,425 14,747 18,31ij 421,856 

'· 

9 5,543 60,753 5,117 9,762 2,261 2,ij03 90,2.13 
10 15,530 139,062 13,241 20,962 4,893 7,254 8,243 209,185 
11 2, 751 32,824 2,521 5,232 928 1,922 2,218 48,396 
12 2,176 28,276 2,142 3,460 663 1,118 1,422 39,257 

14 
1,198 Us,263 854 2,599 65ij 811 1,237 25,620 
1,452 18,935 1,161 2,862 615 1, 119 1,158 :l7,302 

15 1,698 20,997 763 2,309 550 823 915 
16 2,319 45,122 2,941 4,5 64 1,115 1,550 1, 779 59, 390 
17 1,072 11,666 752 1,772 323 447 576 16,60 7 
18 2, 795 25,995 

28,055 

1,398 3,640 558 1,6.l3 1,29 7 37,306 

!Xi ver Class 
Total 162,18< 1,925,307 172,959 2(j3,806 56,1 69 88,734 116,862 2,8U6,026 



I 
l' 

a t  a 5 percen t  le ve l of 

.L, Li 

s ignificance when t he w ithi n cell vari­

an ce is 1,2 5 0,000 for the collision experien ce and 560,000 for 

the combined caap uls ory experien ce. '!he SRI study found the 

within cell variance for personal injur y claims in Mas s achusetts 

in 1970 to be sl ightly over 400,000. But w ha t  does one conclude 

from this? The statistics real l y  only imply that the eviden ce is 

n ot su ff ic ie ntly contradi ct ory of a nonin te ra ct ive model t o  alte r 

the opinion of someone who thinks a non interactive model is a 

r eas onable descrip tion of re alit y. Howe ver, e ve n  if the w ithin 

cell var iance for collis ion was 1 ,300,000 and the within cell 

varian ce for combined comp uls ory was 6 00,0 0 0, there is suf fi cien t  

contradictions in the data to preaict that not all insuran ce 

c ompanies would ho ld t o  the noninterac tive addi tiv e or multi­

plicative mod el. For each data se t there are 3 cells with 1 0,000 

or more ca r years of exp osure tor which the predi ct ed value lies 

outside a 95 percent confiden ce interval using the individual 

cell mean. ·rhis is no t sufficient evidence usin g trad itional 

conf idence level s  to reje ct the null hypothesis of no inter­

a ct ions overal l ,  but is suffi cien t eviden ce to predi ct th at some 

entrepreneur woul d take a gamble on the se parti cular cells and 

use indivi du al ce l l  exp erience as an estimate of expected losses. 

Table 6 approxi matel y here. 
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Table 6 

Coot>ined 

Traditional 
Iterated 

(oot Iterated) 
M.Jltiplicative 

Sum of 68123968 
Squared 
Hesiduals (67567936) 

least-Squares 
fttlltiplicative 

58721360 

Additive 

42328722 

Traditional 
Iterated 

( oot Iterated) 
Mult iplicative 

190920624 

( 184 743840) 

Collisioo 

Least-Squares 
Multipl icative 

1552297 92 

Mditive 

12703837 0 

'· 

I
tv 

tv

I 


,,0 

'"-., ,ft 
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The mos t inte resting couq;> ari so n, however, is betnen 

aodel. 

t he 

traditiona1 es timating pro cedure for the multi plicative model and 

t he least-squares estimates of the multiplicative 'lbe 

evidence just presented is not supportive of the multiplicative 

model, but if on e had st rong priors for using t he m ul tiplicative 

model, the st atistical evidence would also not contradict i ts 

in answer to the question in the National 

•Auto Rates: Do They Penalize Th e Yo ung, The 

Single, The Male, • I respond yes when canpari ng t he t raditional 

method of estimating r ates to the least-squares estim at ing 

procedure. The leas t-squares �roced ur e ge nerally yields rela-

tivities which are larger than the tradition al relativities 

when the traditional rela tivi ties {nonnalized a s  in eq uation (3)) 

are less than l, and yields relativities which are smaller than 

the traditional relativities when the traditional relativities 

are greater th an 1 .  Tables 7-10 present the relativities and 

e stimated los s  costs for the Massach us etts data using the 

traditional method including iterating and the le ast -squares 

estimates of the multiplicativ e model. 

Tables 7, 8, 9, a.od 10 approximately here. 

use. However, 

Underwriter, 

-2 3-
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• '!able 7 

least Squares Multiplicative 
Collision 

Estimates 

IXi ver Class 

'Ierritory (1) (2) (3) (4) (5) (6) (7) 
'Ierri torial 
Nelativities 

172.03 1 2 5.92 46.74 64.03 67.03 88.46 94-.58 .6076 
2 23.48 42.3 5 58.49 60.73 80.14 85.69 155.86 .5505 
3 26.73 48.19 66.57 6 9.12 91.21 97.52 177.38 .6265 
4 29 . 25 52.74 72.85 75.64 99.81 106.72 194.12 .6856 
5 31.58 56.94 78.65 81.65 10 7.75 115.21 209.56 .7402 
6 33.58 60.5 6 83.65 86.85 114.61 122.5 4 222.89 .7873 1
7 35.77 64.51 89.11 92.51 122.08 130.53 "J.37 .43 .8386 
8 36.30 65.45 90.41 93.86 123.87 132.44 240.89 .8509II\.) 9 42.17 76.04 105.03 109.05 143.90 15 3.86 279.86 .9885 ,c:.I 	 10 39.2 7 70.Ą1 97.81 101.5 5 134.00 143.2 8 260.61 .9205 

11 42.54 76.71 105.95 110.00 145.16 155.21 282.31 .9972 
12 4o.28 83.45 115.26 119.67 157.92 168.85 307.12 1.0848 
13 46.88 84.53 116.76 121.22 159.97 171.04 311.11 1.0989 
14 59.13 106.63 147.28 152.91 201.79 215.76 292.44 1.3862 
15 68.72 123.91 171.16 177.70 234.50 250.74 45 6.06 1.6109 
16 82.16 148.16 204.65 212.47 280.38 299.79 545.29 1.9260 

46.35 83.57 115.44 119.85 158.16 169.11 307.60 1.086 5 
18 51.76 93.33 128.92 133.85 176.63 188.86 343.52 1.2133 

Driver Class 
Relativities .3244 .5850 .8080 .8389 1.1070 1.1837 2.1530 

Normalized Adjusted Average • 131.4991 
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'nlble 8 

Lea-:;t Squares Multipl icative Estimates 
canbined COOpuls:>ry 

IXiver Class 

'Ierritorial 
Territory (1) (2) (3) (4) (5) (6) (7) He1ativ ities 

, .
' I .

I 
' , ''·I 

:.• 
. 

· . 
: J . 

M!I' 

1 25.64 3 0.56 37.65 45.82 54.62 68.58 10 4.71 .7421 
2 22.97 27.37 33.73 41.04 48.92 61.42 93.78 .6047 
3 27.86 . 33.20 40.91 49.78 59.34 74.51 113.75 • 8062
4 27.32 32.56 40.12 48.81 58.19 73.06 111.55 .7906 
5 30.45 36 .29 44.72 54.41 64.86 81.44 124 .35 .8813 
6 32.5J 38.77 47.78 58.13 69.30 87.01 132.85 .9416 
7 34.98 41.69 51.37 62.51 74.52 93.56 142.85 1.0125 

.) 8 33. 89 40.39 49.76 60.55 72.18 90.63 138.37 .9807n 
9 37.31 44.47 54.79 66.67 79.48 99.79 . 152.36 1.079ù 

10 39.20 46.72 57.57 70.05 83.5 0 104.85 160.08 1.1346 
33.85 40.34 49.71 60.49 72.10 90.53 138 .22 .97f;17 
37.60 44.81 55.21 67.19 80.09 100.56 153.53 1.0882 

13 41.72 49.72 61.26 74.54 88.86 111.57 170.35 1.2073 
14 44.22 52.71 64.94 79.02 94.20 118.28 180.58 1.2799 

48.75 58.10 71.58 87.11 103.83 130.37 199.05 1.4108 

JXiver Class 
Relativities .4883 .5820 .7171 .8726 1.0401 1.3060 1.9940 

Notmalized Adjusted Average = 70.7 597 



I 
f/f 1 
! 

i 
1:· 
}. Ù 
.l{. 
. Ĝĝ 

' 

t. 

9 74.40 

13 

53.44 

1 24.61 43.08 61.40 64.19 82.06 90 .44 165.96 .5602 
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'!able 9 

Traditional Iterated Multipl icative Estimates 

Collision 


O:iver Class 


'lerri torial 
Territory (1) (2) (3) (4) (5) (6) (7) Ue1ativities 

2 23.:G O  
 40.63 57.90 60.53 77.38 85.29 156.50 .5283 

3 26.26 45.98 65.53 68.51 87.58 96.52 177.12 .5979 

4 28.63 50.12 71.44 74.68 95.47 105. 22 193.08 .6518 

5 30. 99 54.25 77.32 80.83 10 3.34 113.89 208.98 .7055 

6 33.12 57.99 82.65 86.40 110.46 121.74 223.38 .7541 

7 35 .71 62.53 89 .12 93.17 ·119.11 131.27 24 0.88 .8131 

ij 36.ĥti 64.75 92.29 96.4ij 123.34 135.93 249.43 .8420 


0'1 
106.04 uo.85 141.71 156.18 286.60 .9675
9 42.49 

10 40.06 70.14 99. 96 104w51 133.60 147.2 4 ;oo.1!:1 .9121

I 
 11 43 .60 76.33 108.79 113.73 145.40 160.24 2 94.05 .9 926 


12 48.58 85.06 121.23 126.73 162.01 178.56 327 .&b 1.1 061 

49.92 87.40 124.57 130.22 166.48 183.48 336.68 1.1365 

14 60.21 105.42 150.2 5 157.08 200.80 221.31 406.10 1.3709 

15 74.81 13 0.98 186.67 195.15 249.48 274.95 504.54 1.7032 

16 88.85 155.55 221.70 231.77 296.29 326.55 599.21 2.0228 

1'? 49.14 86.04 122.62 128.19 163 .88 18 0.62 331.43 1.1188 

1 8  
 93.56 133.34 139.40 178.21 196.41 360.40 1.2166 

Ø "'"", :Ú·": 

rȻȼ·,c·:-:IXiver Class 
Nelativities .3239 .5672 .8083 .8450 1.0803 1.1906 2.1847 

Normalized Adjusted Average • 135.5926 
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'!able 10 

. 
Traditional Iterated Multiplicative EstĂtes ' 

Coot>ined COO'pulsny 

'· �Kiver Class 

Terri torial 
Territory (1) (2) (3) (4) (6) (7) Pelativities 

1
2 

24 .30 
22.54 

28.56 
26.49 

35.53 
32.ă5 

42.64 
40.48 

51.59 
47.85 

65.29 
60.56 

100.0 8 
92.83 

.6 940 

.64J8 

.. . 
3 
4
5 
6 

27.62 
26.b7 
3 0.13 
31.72 

32.46 
31.5tl 
35.41 
37.28 

40.38 
39.28 
44.04 
46.3 7 

49.60 
48.24 
5 4.09 
56.96 

58.63 
57.03 
63.94 
67.33 

74.21 
72.18 
80.!:13 
85.22 

ll3.7 4 
110.64 
12 4.0 5  
130.62 

.7888 

.7673 

.8603 

.9059 

,, 
b. 

7 
8 

34.16 
34.33 

40.15 
40.34 

49.94 
50.18 

61.34 
61.63 

72.51 
72.86 

91.77 
92.21 

140.6 7 
141.34 

.9755 

.9802 "'"t4 ) 
9 36.97 43.45 54.04 66 .3tl 7 8.47 99.32 152.23 1.0557 

10 40.25 47.31 58.8 4 72.28 85.44 108.1 4 165. 75 1.1 495 
11 34.66 40.73 5 0.67 62.23 73.57 93.11 142.72 .9898 
12 39 .8ti 46.87 58.30 71.61 84.65 107.14 164.23 1.1389 
l3 42.89 50.40 62.69 77.oo 91.03 115.21 176.59 1.2247 
14 46.3 0 54.41 67.68 83.13 98.27 124.38 190.65 1.3221 

52 .65 61.88 76.97 94.54 111.76 141.45 216.81 1.5036 

IKi ver Class 
Rela tivities .4875 .5729 .7!26 .8753 1.0347 1.3096 2.007 

Normalized Adjusted Average = 71.8346 

.ȸ····ȹȺ···· 



result 

. 
..... 

to reconcile with prof it maxi-This is a difficult 

mizing behavior. The use of estimates of loss cost which are too 

h igh and which don't result in loss of market share is perfectly 

understandable. If one can charge a price higher than costs , one 

m a ke s  a larger prof it. But to u se an est imate of l os s  c osts 

which are too low , implies one is losing money on t hose 

indi viduals. Monopoly positions o r  any other ma rket phenomen a 

would not produce this result in a profit maximizing environment. 

A pos sible a nswer is tha t some companie s are more i nnovative than 

most , but because of government regulation they cannot expand as 

rapidly as might be pred icted. Also, t he phenomena of company 

specialization and underwr i ting migh t make these result s les s 

import ant if mos t  da ta used to estimate losses com e from only a 

few risk classes. But a full underst anding of the b ehavior in 

compe titive t erms is st il l  lacKing. I will admit to being pos-

sib ly missing somethi n g ,  but as of now , I would conclude that the 

i nsur ance indu st ry is not very i nnova tiv e. 



Co nclu sion 

The analysis of this paper supports the decision and find­

ings of the Massach usetts Insurance Commissioner. The tradi­

tional pricing procedures contain bia ses that result i n  

o ve rcharging individuals i n  the highest rated risk classes. The 

biases however are not necessa rily a result of th e multiplicative 

model. They a re a res ult of the est im atin g techniques tradition­

ally used by the insurance industry. But the most important con­

elu sio n to be d raw n from the analysis concer ns the op era tio n o f  

industry rating bureaus. 

There are benef its to the s tatistical pooling of los ses from 

many companie s. More accurate results are o btained when mor e 

d ata go in to the analysis. Sma ll compan ies are ab le to viably 

compete with large companies when they have access to statistical 

a nalysis of da ta setɎ a re broader than their o wn canpanywl}_ich 

experience . But there are also benefits from di vergent opinions. 

Any mechanism wh ich permits the pooling of expe rience data from 

many companies should also provide for ind ependent access and 

a nalysi s  by va ri ous technic ians . 

-2Q-
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